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globally optimal least-squares ARMA model identification is an
eigenvalue problem
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Identification problem

optimality condition: minimize e, while y =
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model condition: y = TJTCe =9
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First order optimality conditions

o =y T D oy =y T, f

partial derivatives: (%Z =0, (9% =0

yITL foi +yTTTf =0 Vi=1,...

VT =0

D, fo — Toiy =0
Dzjf + Dcf’Yj =0
Dcf - Tay =0

Vi=1,...
Vi=1,...
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Multiparameter eigenvalue problem

ey 0 M), 07
0 Iy Tk 0 0 { fw}i
I1® D, 0 0 {Toy} 71=0
0, IeD. (DI}, 0 !
0 0 D, Toy
Kronecker product: matrix stack:
anB .. alnB Ml
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Multiparameter eigenvalue problem

Multiparameter eigenvalue problem:
(ZAww)z:(), z2#0
w

® WAy, ...y ) = )\]1“ -+~ Afn is a monomial function of the eigenvalues

e A, is the corresponding matrix of coefficients




Multiparameter eigenvalue problem

comparison
standard eigenvalue multiparameter eigenvalue
problem problem
Az = Az Arz =30, Avwz
(A-=1IN)z=0 >, Aww)z=0
one eigenvalue multiple eigenvalues




Multiparameter eigenvalue problem
examples

standard eigenvalue problem: (A — 1))z =10
generalized eigenvalue problem: (A — BA)z =10
linear two-parameter eigenvalue problem: (4; + Aqa+ Ayy)z =0

multiparameter eigenvalue problem: (Al + Ayz M+ A4, A3 )\2)\§> 2=0



Multiparameter eigenvalue problem
autoregressive moving-average model
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Multiparameter eigenvalue problem
autoregressive moving-average model
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eigenvector (z) and (n, + n.)-tuple of eigenvalues (a; and v;)



Multiparameter eigenvalue problem
example: first order ARMA(1,1) model

yTTT 0 yTTa?le 0

a fOél
0 YTy 0 0 m

D, 0 0 Tyl |7y | =0
0 D. DI 0 )
0 0 D.  Tuy



Multiparameter eigenvalue problem
example: first order ARMA(1,1) model
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Multiparameter eigenvalue problem
example: first order ARMA(1,1) model

T T [
0 YT 0 0 | [
D. 0 0 Ty —0
0 D, D! 0 / .
0 0 D. T

(A1 + Aqar+ Ay + Ap2a?® + Agyay + A72’y2) z2=0

eigenvector (z) and 2-tuple of eigenvalues (o and 7)
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Quadratic two-parameter eigenvalue problem

for example, a first order ARMA (1,1) model with parameters o and ~:

(A1 + Ao+ Ay + Ap2a® + Agyay + Apy?) 2 =0



Block Macaulay matrix

(Al + Ao + Ay + Ag20® + Agyay + sz'yz) z=0



Block Macaulay matrix

(Al + Ao + Ay + Ag20® + Agyay + A7272) z=0

|—> “shift” with the eigenvalues o and ~y

a(A1 + Aqa+ Ayy + A0’ + Apyary + A72’72) z

7(A1 + Aqa + Ayy + Ayza? + Agyary + A7272) z

a?(A1 + Aja + Ay + Aﬂ,zaQ + Agrary + A7) 2
) ) y< !

0
0

0



Block Macaulay matrix

stack the MEP and its shifts as a block Macaulay matrix

z ZQ 7y Z(){Z zary Z"y’z ZOL’3

(A1 Ay A, Ap Ay Az 0

N

Y
0 A 0 Ay Ap 0 A
M= |0 0 A 0 Ay Ag 0

0 0 0 A 0 0 Aq




Block Macaulay matrix

a quasi-Toeplitz structure emerges

ZQ Y ZO(Z 10% e zar
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Block Macaulay matrix




Block Macaulay matrix

rewrite the MEP and its shifts using the block Macaulay matrix

Z  Za 2y za? zay  zY 2 28 z
_Al Aa ;"17, A(kn/ A,\’,Q 0 e ] ij
0 A 0 A, 445, 0 . oo
0 0 A 0 A A0 D
0 0 0 A 0 0 A, - e
L ' i 208




Block multi-shift-invariant null space

® Solutions generate vectors in the null
space of M
MK =0

e Nullity corresponds to the number of
solutions my

n
my =[] d:
i=1

e Null space has a block
multi-shift-invariant structure

block multivariate
Vandermonde basis K

Z oo Z
za - za
Z"}/ .. Z’y
za? - za?
K= zay -+ zary
2 2
Z"y .. Z’y
za® - z2a3




Multidimensional realization theory
for one solution

S S
o o
Y 2y
za? a za?
zory zary
22 22
za? zad

51]{304 - LSY“ k



Multidimensional realization theory
for all solutions

[z z ] [z z
o - zZo Zoa o zZO
Z"}/ PR Z’y Z’y P Z’)l

P 2

202 - za? o 2o - za?
— ~ VA ~ VA

zary - zary zay o zary
272 PR Z'7/2 Z’yQ P Z’Y2
208 - zad 208 - zad

S1KDy = S, K



Multidimensional realization theory

consider m, affine and simple solutions

Realization theory for an unknown a:
S1KD, = S, K,

where S and S, select blocks from K
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numerical basis for the null space
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Multidimensional realization theory
numerical basis for the null space

S1KD, = So K

for example, calculated via the SVD

® The solutions are not known in advance

e Consider a numerical basis for the null space Z

K=7T
\2 non-singular matrix 7T’

($1Z)TDy = (S42) T

® This results in



Multidimensional realization theory
standard eigenvalue problem

Realization theory for an unknown a:
(S1Z2)TD, = (So2) T,

where S and S, select blocks from Z

® Generalized eigenvalue problem, with 7' the matrix of eigenvectors

® We can rewrite this as a standard eigenvalue problem

TDT™' = (5,.2)" (S.2)




Multidimensional realization theory
Other shift functions

® [t is possible to shift with any polynomial in the eigenvalues — for
example with
(S1Z)TDy = (5,2)T

e This leads to the same eigenvectors T’
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Solutions at infinity
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Multiplicity higher than one

simple roots

k(1) k(2

multiple roots




System theoretic interpretations

e Corresponds to a multidimensional
observability matrix

H=[Ig Tg]

® Generated by a multidimensional
descriptor system

e Contains the block multi-shift-invariance
SaHA, =S4, H,

Ay = (SaH)T (SanH)

block column echelon basis H

Cr
CRAa
CrA,
CRAgl

CrALA,
CRAgl

S O OO oo

CrA" 0

X COgEmT




Outline

5 | Conclusion and future work



Conclusion

e Identification of ARMA models is an MEP
e MEP can be solved via the block Macaulay matrix
e Null space of block Macaulay matrix yields an SEP



Future work

Investigate rigorous properties of block Macaulay matrix
Extend to other model classes
Restrict the calculations to the optimizing solution only

Solve large real-life problems
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