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Why multivariate polynomials?
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2 | Definitions, Examples, and Applications



Multivariate polynomials

A multivariate polynomial p(x), or p(z1,...,x,), in n variables is a finite linear
combination of monomials x® from K™ with coefficients ¢, from K:

p(@) =Y caz®,
A

where the summation runs over all the exponents in the set A.

® K can be any field: complex numbers C, real numbers R, or finite numbers [,

* a=(aj,...,q,) indexes the monomials a® and coefficients co
® set of monomials, C”, consists out of (d:”) elements

* example: p(z) = 3+ Vb5x1 + (1 +i)2s + 32228

ot



Multivariate polynomials

® Typically, multivariate polynomials appear in systems of multivariate polynomial
equations:

pi(x) = ch)wa =0,
A

ps(x) = Zc(of)aco‘ =0,
A

where we look for the solutions of s multivariate polynomials in n variables.

® Every polynomial has a total degree: d; = max(|a]).

)



Combinatorial explosion
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Combinatorial explosion of the number of monomials in the set C} with respect to the

maximum total degree d and number of variables n. The cardinality of C} is given for n =1
(o) n=2(=)n=3(+),n=4(—+), andn=>5(—).



Two limit cases

univariate polynomial (n = 1) linear systems (d; = 1)
d ' ( n
p(z) = Zcix’ pi(x) =b1 + Zalj%’
i=0 J=1
4
[0 0 -+ 0 —co/en | n
10 - 0 —cifen ps(@) =bs + > agm;
c,=101 -0 —ca/cn | =1
Do T ; 4
0 0 -+ 1 —cuo1/cn] Ax=b
4
Crx = \x

These are well-known problems from linear algebra



Different polynomial basis

A multivariate Chebyshev polynomial of degree o = (avq, ..., ap):
n n
ta(x) = thz (z;) = Hcos(ai cos_l(:ni)),
i=1 i=1
where 3, (z;) corresponds to the univariate Chebyshev polynomial of degree «;.

Examples:
tg(l') = 2.1'2 -1
t1g(z1, 22) = m1 (423 — 322)
ti62(21, T2, 73) = 21 (3225 — 4875 + 1823 — 1) (225 — 1)



Some applications

polynomial optimization problems

subject to hi(x) = =hy(x) =0

{
This can be solved via the Lagrangian L£(x, A1,...,\):

E(.’L’,)\l, .. .,)\Z) = g(a:) — )th(a:) — = /\lhl(cc)

The first-order necessary conditions are given by the partial

derivatives:
oL oL
P
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Some applications

robotics and kinematics

9)



Some applications

computational chemistry

The (bio)chemical reaction network of the T-cell signal transduction model:

A+B

K12

K23

( dlgt(t) = —kprA()zp(t) + korzo(t) + ka1zp(t) = 0,
dxc];t(t) = —r12za(t)7p(t) + knzo(l) + kaep(t) = 0,
dxst(t = k1224 (t)zp(t) — k21zc(t) — Kazzo(t) = 0,
dgcclljt(t) = raszc(t) — wa1p(t) = 0.

10)



Some applications

computer graphics

Estimating internal calibration parameters of a camera from point correspondences in a
sequence of (noisy) images:

(22 + a2 — rayag — ||AB|)? =~ 0,
22+ 22 — qrizs — |AC|? = 0,
22 + 22 — proxs — | BC|? = 0,
22 4+ 22 — sy — |AD|)? ~ 0,
22 + 22 — teyxy — ||CD|* =~ 0,

22+ 22 —uxoxy — |BD|? ~ 0,




Some applications

system identification and time series




3 | Different Solution Approaches



What does solving mean?

Find all the values for & € K™ such that pi(x) = --- = ps(x) = 0, i.e., the variety of
the polynomial system

V(p1,....ps) ={a€ K" :pj(a)=0,Vi=1,...5}

® Typically, we consider polynomial
systems which are well-determined!
This can be for both square and
rectangular systems.

N
8
® Some solution approaches can deal
with over-determined polynomial 1|
systems.
® Under-determined polynomial systems ) ! !
could be solved in a certain sense, but -2 -1 0

i ? T
what does it mean? 1 @
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What does solving mean?

Everything depends on the ground field that you consider!

Some examples:
® C: homotopy continuation, particle
physics
® R: optimization, chemical reaction
networks, robotics

Q: discriminants/resultants,
Grassmannians, number theory

Fy: cryptography
C{{t}}, Qp: tropical geometry

This polynomial system has 9 solutions in C2, 1
solution in R?, and 0 solutions in Q2



¢ For univariate polynomials (i.e., n = 1), the fundamental theorem of algebra
states that a degree d polynomial has d roots.

® The theorem of Bézout is the multivariate extension of that theorem.

For any square system (i.e., s = n) of multivariate polynomial equations
p1(x),...,pn(x), the number of isolated solutions in the projective space P™
when the solution set is zero-dimensional, i.e., the number of isolated points in
the zero-dimensional variety V(pi(x), ..., pn(x)) C P", is exactly equal to

mb:dl"'dn:Hdia

where d; is the total degree of the polynomial p;(x).

Number of solutions?



Number of solutions?

® The theorem of Bézout counts the
number of isolated solutions in the
projective space:

[\
mp = Mg + Moo 8

® For generic systems, my = my, but in
practice this is not the case
® There exist more refined bounds on

the number of affine solutions (e.g.,
Kushnirenko, BKK, etc.)




Different solution approaches

When we consider an algebraically closed field, there are two main methods to solve
systems of multivariate polynomial equations:

normal form methods homotopy continuation methods
® reduce problem to a univariate ® continuously deform a system with
problem known solutions
® (numerical) linear algebra ® ordinary differential equations
® any field K™ ® field of complex numbers C"
® rectangular systems: s > n ® square systems: s =n
® my < £10000 solutions ® my < +1000000 solutions



Implementations

normal form methods homotopy continuation methods
® Macaulay?2 ® HomotopyContinuation.jl
e Singular ® Bertini
® Magma °* NAG4AM2
® msolve ® Hom4PS-3
® Mathematica e PHCpack
® Oscar |l ° .

® Maple
® MacaulayLab



3 | Different Solution Approaches
a | Normal Form Methods



Normal form methods and the Macaulay matrix

2 2
{Pl(af) = apo + a1021 + ap1T2 + a0y + a11x1T2 + agpxry =0

po(x) = boy + brox1 + bo1za + /)2033% + biixize + b()zl’% =0

A8
-
1 X To l% Tri1x2 1% If ;c%:z:g L]ﬁ% 5 Tl
pi(@) [ago @0 aor az a1 ape 0 0 0 07|
zipi(@) | 0 app 0 ag apr 0 azn aix a2 0O 3
wopi(z)| O 0 app 0 ao ann 0 ag ann ae2| |w1w2| 0
p2(z) | boo D10 bo1 b2 D11 bo2 O 0 0 0 3 |
aipp(x)| 0 boo O bio bor O b bix bo2 O 3
wopa(@) [ 0 0 boo O bio bor 0 b b bo2| |ziwe
- |3
~ . 3
Macaulay matrix L T5 |



Structured right null space

Basis matrix of the right null space can be written in terms of the solutions (d > d.)

® solutions can be described by the dual 1 -
vector space of the quotient space confluent multivariate Vandermonde

. basis matrix (projective settin
e from the rank-nullity theorem e g)

Ng = qq —rq [ CU%|(1) y m%‘@)_
550@“1|(1) $0’(1) $0$1|(2)
— Jiea P/ (5 o
- dlde/<p1(a:),.,,,ps(m)>d Vo ;[;0$2|(1) 0 1‘0@\(2)
/ - x%|(1) 21‘1|(1) x%‘(g)
® requires dual vector space C}; of C}
. . . $1I2|(1) $2’(1) $1$2|(2)
and differential functionals w2| 0 2
) 21D 21(2)
() 2 - L iald(.) : | | |
Zl! P 'Ln! 63}‘11 P 81‘77'{1 (]) 800(U)|(1) 810(’1))|(1) 80()(’1])|(2)

(Batselier et al., 2014; Stetter, 2004) 20’



Monomial multiplicative property
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o = O
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Note that we consider differential functionals in C% in this exposition.
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Monomial multiplicative property

one projective solution

[ 333‘(1)- i x%‘(l)-
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T2 () zo22| ()
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’
Note that we consider differential functionals in C% in this exposition. 21 ’



Monomial multiplicative property

multiple simple projective solutions

[ 7l i) [ Tl vl
$0$1’(1) woxl\@) 360961\(1) 1;0w1|(2)
. xoifglkn wo§§|<a) D =8, xoig;m -EO;';;@) D.,
1) 1l(2) 1) 1l(2)
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oy 2] 2l le)l
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’
Note that we consider differential functionals in C% in this exposition. 21 ’



Monomial multiplicative property

multiple projective solutions with multiplicity greater than one

B 2 2 7] B 2 2 T
“olgy Y %65 gy O 76
w0x1|(1) .1'()‘(]) 1‘01’1‘(2) xoxl‘(l) ./1','()‘(1) x0$1’(2)
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Note that we consider differential functionals in C% in this exposition. 21 ’



Monomial multiplicative property

multiple affine solutions with multiplicity greater than one

1 0 1 1 0 1
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Note that we consider differential functionals in C% in this exposition. 21 ’



Monomial multiplicative property

multiple affine solutions with multiplicity greater than one
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eigenvalue problem!
Sl‘/del = le‘/d

’
Note that we consider differential functionals in C% in this exposition. 21 ’



Three difficulties

Sl‘/dle - Szl‘/d
e Solutions/confluent Vandermonde basis vectors are not known in advanced:

numerical basis matrix Z; of the right null space (V; = Z,T)

¢
(81Z4)T Dy, = (82, Z4)T

TD,, T ' = (512;) (S, Zy)
® Not possible to numerically stable compute Jordan normal form:

numerically stable Schur decomposition

N2
QU,, Q" = (51Z4)" (S, Za)

® Solutions at infinity need to be deflated via a column compression

(Dreesen, 2013; Corless et al., 1997; Vermeersch and De Moor, 2021) s 22’



3 | Different Solution Approaches

b | Homotopy Continuation Methods



Homotopy continuation methods

-4 -2 0 2 4 -4 -2 0 2 4

T r

z2—-1=0 z2+9y2-9=0
y? —1=0 0.25z% +2y° -6 =10




Homotopy continuation methods

Q) = (q1(2), ..., qu(x)) = P(x) = (1 (), ., pu())

H(xz,t) =(1-t)Q(z) +tP(x), t=0—1

=

0 1




4 | Very Short MacaulayLab Demo



MacaulayLab toolbox

www.macaulaylab.net

&) ® Command Window

== disp(noon3) @

system of multivariate polynomial equations:
- polynomial basis = monomial
= number of equations = 3
- number of variables = 3
- maximum total degree = 3

number of solutions:
- total number of solutions = 27
- number of affine solutions = 21

other information:
- time to solve via MacaulaylLab = 8,0118s
fx - reference = noonburg-1989-neural


www.macaulaylab.net

5 | Multiparameter Eigenvalue Problems



Multiparameter eigenvalue problem

The multiparameter eigenvalue problem (MEP) M(X)z = 0 consists in
finding all n-tuples A = (A1,...,\,) € C" and corresponding vectors z € C!*1\

{0}, so that
MNz =D AN |z=0,
{w}
with || z[|, = 1.
® w=(wi,...,w,) indexes the monomials A“ and coefficient matrices A,

* rectangular! coefficient matrices Ay, = Ay, ) € R with k> 14+n—1
® example: (AOOO + AQOO)\% + A013A2>\§)Z =0

iWe consider only rectangular problems in this presentation, so we no longer mention the term ‘“rectangular” explicitly. (26>



Unifying framework for (multiparameter) eigenvalue problems

Different types of (multiparameter) eigenvalue problems in a two-dimensional grid.

Spectral parameter(s) ‘ Linear Polynomial
Type | Type ll
Eigenvalues (n = 1) {1, A} A
A — B\ Ag+ AN+ -+ A
SEP/GEP PEP
Type I Type IV
Eigentuples (n > 1) ’ w T \ws
(it=1,...,n) Ai A =Tl A ,
Ao + AroA1 + Ao1 A2 Aoo + A1 12 + Aoz A3
linear MEP polynomial MEP

t SEP = standard eigenvalue problem, GEP = generalized eigenvalue problem, and PEP = polynomial eigenvalue problem ‘27’



Examples and applications

rectangular 3 x 2 coefficient matrices

172 2 1 3 4 1 2
(34+01A1+21A1A2+42A§>z=0
3 4 1 3 0 1 2 1

Ago Ajp Ay Ap2

(w1,w2) labels A¥ and indexes A,
e |dentification of misfit-versus-latency models

® Model order reduction in the Hso-norm



Extension to the block Macaulay matrix

M(X)z = (Agy+ Aiph1 + Agid2)z =0

4
z A1z Aoz /\%z Aoz /\gz /\:fz )\f)\gz /\1/\§z /\gz )\Z
MN[Aw Ay Agy O 0 0 0O 0 0 0] Alz
M| 0 Ay O Ay Ay 0O 0 0O 0 0 )\gz
MO0 0 A 0 Ay Ay 00 0 0| izz o
MmO 0 0 Ay O 0 Ay Ay 0 O ;\32 B
MM 0 0 0 0 Ay O 0 Ay Ay O A2izz
MMM O 0 0 0 0 Ay 0 0 Ay Axl |15
L )\1)\22
h N . ” A3z
block Macaulay matrix L 72%

(Vermeersch and De Moor, 2022) (29)



Two solution approaches

null space based approach column space based approach

Ry Ri3 Ris Ry

z A1Z Q Ryy Ry3 Ry 0 | N
>\1Z )\1 — )\%Z R34 R33 0 0 -
A2z Aoz Ry O 0 0

(Vermeersch and De Moor, 2022) <30>



6 | Conclusion



Conclusion

e Multivariate polynomials are omnipresent in science and engineering
® There exist many different solution approaches

® Depending on the application, there could be a lot of structure available



Any questions?
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