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Problem statement

s D

We deal with real-valued multivariate polynomial cost functions f(z) € P™:
f:C" = R:z— f(2).
The problem that we consider is the unconstrained minimization problem, i.e.,

min f(z).
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A prototype example is the nonlinear least-squares problem,
minl| 7 (2)
with the matrix polynomial F(z),
F:Cth—=C™ ™ 2z F(2).
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Disclaimer: this is a didactic exposition of a novel alternative approach! 1



Motivational example

We use the following motivational
example to explain our approach:

2
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minHz(z —0.51)% — zH

R(z) ==

Contour lines of the real-valued polynomial cost function
f(z) of the motivational example.
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Complex differentiability

Consider a multivariate complex-valued function f(z):

[:C"=C:z=x+iy— f(2z) = u(z,y) +iv(z, y)

® f(z) is not necessarily polynomial

® u(x,y) and v(x,y) are real-valued functions

The complex-valued function is said to be differentiable at a point zy € C" if

lim flzo + Az) — fz0)
Az—0 Az

exists. This requirement is formalized in the Cauchy—Riemann conditions!

(Sorber et al., 2012; Adali and Schreier, 2014) 3



Wirtinger derivatives

Wirtinger derivatives are the partial derivatives with respect to z or z.

cogradient operator conjugate cogradient operator
0f(z2) _ 0f(z) 0z 0f(z) 0y 0f(z.2) _ 0f(2) 9= 0f(z) Oy
0z  Ox 0z Oy 0z 0z Oz 0z oy 0z
_ <af< 2) L Of(z >> _ <8f( of(z) , 0f(= >>

“2\ oz oy ~ 2\ oz 0y

We define the complex gradient operator V(-) as
_ (9() ()
Vi) = <a 9z )

(Poincaré, 1899; Wirtinger, 1927; Brandwood, 1983) 4
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2 | Multivariate Optimization Approach



First-order necessary conditions

Wirtinger calculus provides an elegant alternative framework to compute the first-
order necessary conditions for optimality:

. 0f(2,2)

pi(zaz)—TZO, fori=1,...,n,
min f(z, z2) = '
77 a ) .
- pi(z,2)=%=o, fori=n+1,...,2n.
1—n

The common roots (2, Zy) of this square system of 2n multivariate polynomial
equations in z and z correspond to the stationary points:

Ve = {20 € C": pi(20,2) =0,Vi=1,...,2n}.
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Macaulay matrix

{a}
NS
p1(2,2) = pO 4 p(107 4 05 4 pROZ2 4 (g5 | 0252 g
api(z, 2) = p0% 4 pl0z2 4 pODz 7 + pR0z3 4 p(IDZ25 4 p(02z 22 — 0
7p1(2, 2) = p00% + p10z 7, + pOV22 + pR0z27, 4 p(Vz 22 4+ p02z3 = ¢
U
1 % Z z2 7172 z2 z3 227z 71722 z3

[’1(2,2) p(OO) p(lo) p<01> p(20) p(ll)
M(2)=2pmzz| 0 pl o pl0)  ,0On
Zopi(z2) | 0 0 p0o 0 (10)

p02) 0 0 0 0
0 p0) Han H02)
P pOD g p20) p(1) (02)

(Vermeersch and De Moor, 2021)
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Macaulay matrix

For example, in the case n = 2,

pl(z, 2) =24+ 2n+3znn2 + 21222

=\ 2) + p" ()2 + p"V (2)2

has a degree in z equal to 1 and the corresponding polynomial coefficients p("‘)(z) are

pgoo)(z) =2+ 2, pglo)(z) =372, and pgm)(z) = z12.
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Macaulay matrix

e Pl el __[_____-—_—___
pi(2,2) S L ,A,I:,,.,:,k,.,t.,: ,,,,,,,
\ . L.
o [l C[CCCIECCCICCECCICCI
p2(Z,2)< ... .::o
\ ‘. ‘e

The Macaulay matrix is very sparse and structured. Every element (e or ) is a polynomial

pga)(z) in z.



Motivational example

2

min
z

‘z(z —0.55)%* — zH
U
(2, 2) = 32°2% 4 312222 — 3.752%7 — 2i22° + 222% 4 2.5i22 — 1.257°
— 1.25i2% 4+ 1.5625z = 0
po(2,2) = 32°%% — 312222 — 3.7522° + 212°% + 22°% — 2.5i22 — 1.252°
+1.25i2% + 1.56252 = 0

2

9% (2) pijj(

0 pg )(z
(
(

M(z) = péo)(Z) (1)
0 (0)
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Multiparameter eigenvalue problem

For example, in the case n = 2,

~ p(2,2) =24 2+ 3212221 + z1222

pi(z,2) =0 00 10), - 01
= (=) + 0"V (2)7 + " ()2
N leads to
p2n(z7z)_
I [ 1]
2 21
1 2+ 20 322 2 0 0 0 .
z 0 24z 0 3zzm 22 0|3 |=0.
M(z)| . | =0 0 0 24z 0 3uzn 2|42
21292
zn M(2) | 22 |
——
q



Multiparameter eigenvalue problem

The multiparameter eigenvalue problem (MEP) M(X)z = 0 consists in
finding all n-tuples A = (A1,...,\,) € C" and corresponding vectors z € C*1\
{0}, so that

M)z = Z ALY |z=0,
{w}
with || z||, = 1.

® w=(wi,...,w,) indexes the monomials A“ and coefficient matrices A,
* rectangular’ coefficient matrices A, = A,.wn) € R¥¥! with k> 14+n—1
® example: (AOOO + Agoo)\% + A013)\2)\§)Z =0

TWe consider only rectangular problems in this presentation, so we no longer mention the term “rectangular” explicitly. — (Vermeersch and De Moor, 2022) }D
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Motivational example

) ) () V() 0 Ty
0 20 Ve e )]
@ e e 0 0 | |E] =0
0 Pk 1) B 0 |7
Lo 0o e e el
Y
(Mo + Mz + My2? + Mgzg)q =0
0 =375 3i 3 0]
0 0 -=3» 3 3 pi(2,7) = 3222° + 3i2%2% — 3.75:%2
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0 1.251 2 =3 0
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Motivational example
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Motivational example

2 I T

R(z) ==z

Contour lines of the real-valued polynomial cost function f(z,z) of the motivational example:
the optimization problem has three minimizers (*) and two saddle points (+).

@



3 | About Ghost Solutions



Ghost solutions

4r 1 We actually find the candidate solution set
>
1k | V(EI{(’UO,’UO)eC2n;Pz‘(Uo,’vo)ZO,Vizl,...,2n}
instead of the desired solution set
_ | | -~ .
2—2 1 4 7 Ve ={2 € C": pi(20,2)=0,Vi=1,...,2n}.

These “wrong” solutions are called ghost solutions!
The solution candidates (o) when

the variables z and z are
considered as independent
variables u and wv.

(Sorber et al., 2014) \15 )



U

Do

classification

1.0000 + 0.5000i
—1.0000 + 0.50001
0.0000 + 0.00001
+0.5528 + 0.3333i
£1.0000 + 0.5000i
+1.0000 + 0.50001
0.0000 + 0.0000i
40.5528 + 0.3333i

1.0000 — 0.50001
—1.0000 — 0.5000i
0.0000 + 0.00001
+0.5528 — 0.3333i
0.0000 + 0.0000i
F1.0000 — 0.50001
£1.0000 — 0.50001
F0.5528 — 0.33331

minimizer

minimizer

minimizer
saddle point
ghost solution
ghost solution
ghost solution
ghost solution

Motivational example

Numerical values of the candidate solutions (ug, vp) of the motivational example.
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Complex matrix decomposition

We consider the problem where we try to fit a rank-1 matrix to a given complex 2 x 2
matrix A € C?*2;

[an am] B [zf zm}

a1 a2 nzm %

which is an example of a nonlinear least-squares optimization problem.

min
z

)

F




Complex matrix decomposition
We consider the problem where we try to fit a rank-1 matrix to a given complex 2 x 2
matrix A € C?*2;
[an am] B [ 4 zm}
a1 a2 1z 2 -

which is an example of a nonlinear least-squares optimization problem.

min
z

p(2z,2) = —2a114 + 2zlzl (a1 + G21) 2 + 2202120 = 0,
po(2,2) = —2a9020 + 22075 — (G12 + Go1)21 + 221717 = 0,
p3(2,2) = —2a1171 + 22272 — (@12 + a91)% + 2217 = 0,
pa(2,2) = —2a00% + 2257 — (412 + a21)% + 2217 = 0,



Complex matrix decomposition

This can be solved by tackling
(Moo + Mioz1 + Moy 2 + Mooz} + Myizz + Myzz3) q =0,

which we can solve, for example, via the block Macaulay matrix or Kronecker operator
determinants.

(Vermeersch and De Moor, 2022) (18)



Complex matrix decomposition

This can be solved by tackling
(Moo + Mioz1 + Moy 2 + Mooz} + Myizz + Myzz3) q =0,

which we can solve, for example, via the block Macaulay matrix or Kronecker operator
determinants.

If we consider the given matrix

. all a2 o 1 1i
A= |:a21 a22:| o [li —2}
then we obtain nine stationary points after solving the MEP. The global minimizer is
(0.8507,1.3764i), which also corresponds to the first triplet obtained via the complex

singular value decomposition of A.
(Vermeersch and De Moor, 2022) @
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Conclusions and Future Work

This reformulation provides a novel, alternative approach to multivariate polynomial
optimization in complex variables and extends the existing univariate relation.

However, it invokes several new research challenges:

What is the computational complexity of this approach?
® Are there specific conditions that need to be satisfied for the MEP to be solvable?
® Can we exploit the structure of the coefficient matrices of the MEP?

® Does this approach have better numerical properties than solving the system of
multivariate polynomial equations directly?
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