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ABSTRACT

A new formulation of weighted multiple kernel based canonical correlation
analysis (WMKCCA) is proposed in this paper. Computationalissues are
also considered in the proposed method to make it feasible onlarge data
sets. This method uses incomplete Cholesky decomposition (ICD) and sin-
gular value decomposition (SVD) to approximate the original eigenvalue
problem for low rank. For the weighted extension, an incremental eigen-
value decomposition method(EVD) is proposed to avoid redoing EVD each
time weights are changed. Based on WMKCCA we proposed, a machine
learning framework to extract common information among heterogeneous
data sets is purposed and experimental results on two UCI data sets are
reported.

1. INTRODUCTION

The goal of canonical correlation analysis (taking two data
sets for example) is to identify canonical variables that mini-
mize or maximize the linear correlations between the trans-
formed variables [1]. Traditionally, canonical correlation
analysis (CCA) is mainly employed on two data sets in ob-
servation space. Extension of CCA to multiple sets leads to
different criteria of selecting the canonical variables, which
are summarized as 5 different models: sum of correlation
model, sum of squared correlation model, maximum vari-
ance model, minimal variance model and generalized vari-
ance model [2]. Kernel CCA is a generalization of CCA
using the kernel trick to find canonical variables of data sets
in kernel space [3] and its extension to multiple sets was
given in [4]. Kernel CCA on multiple sets (MKCCA) was
proposed as an independence measure to find uncorrelated
variables in kernel space created by RBF kernels [4].
In this paper, we will show that MKCCA can also be re-
garded as a method to extract common information through
maximization of the pairwise correlations among multiple
data sets. A weighted extension of MKCCA can be easily
derived with a natural link to the weighted objective func-
tion of MKCCA. The weighted MKCCA method can also
be extended to out-of-sample points, which becomes im-
portant for model selection. Another important issue for
MKCCA is that the problem scales up exponentially with
the number of incorporated data sets and the number of

samples. To make this method applicable on machines with
standard CPU and memory, low rank approximation tech-
niques based on Incomplete Cholesky Decomposition (ICD)
and Singular Value Decomposition (SVD) are introduced in
this paper. Moreover, for the weighted extension of MKCCA,
a incremental algorithm is proposed to avoid recomputing
eigenvalue decomposition each time weights of MKCCA
are updated. To our knowledge, the weighted version of
Kernel CCA and the incremental EVD algorithm for Kernel
CCA have not been reported before.
The paper is organized as follows: Section 2 derives the
mathematical formulation of WMKCCA. Section 3 discusses
the computational issue of the low rank approximation of
the MKCCA problem proposed in [4] and a novel incremen-
tal algorithm for WMKCCA. Section 4 presents a frame-
work of plugging WMKCCA into common machine learn-
ing applications with a novelty of learning with common in-
formation among heterogeneous data sets. In Section 5 we
report the experimental results of visualization and classifi-
cation of 2 UCI pattern recognition data sets using WMKCCA.
The computational savings of the incremental algorithm is
also discussed. In Section 6 a conclusion is made.

2. FORMULATION OF WMKCCA

2.1. Linear CCA on multiple sets

The problem of CCA consists in finding linear relations be-
tween two sets of variables [1]. For the problem of two vari-
ablesx1 andx2with zero means, the objective is to identify
vectorsw1 andw2 such that the correlation between the pro-
jected variableswT

1 x1 andwT
2 x2 is maximized:
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Extending this objective function to multiple sets of vari-



ablesx1, . . . , xm one obtains the form as
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whereO[x1, . . . , xm] is the objective function of correla-
tions among multiple sets as the optimization criterion. To
keep the problem analogous as the two-set one, we use the
sum of correlation criterion and rewrite (2) as
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which leads to the generalized eigenvalue problem:
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whereρ is the correlation coefficient.

2.2. Kernel CCA on multiple sets

Kernel CCA is a nonlinear extension of CCA using ker-
nel methods. The data is first mapped into a high dimen-
sional Hilbert space induced by a kernel and then linear
CCA is applied. In this way, linear correlation discovered in
the Hilbert space corresponds to nonlinear correlation con-
cealed in the observation space. Let{xk

1 , . . . , x
k
m}N

k=1 de-
noteN observations of data setx1, . . . , xm respectively and
φ1(·), . . . , φm(·) as the feature maps from input spaces to
the high dimensional Hilbert spaces for the different data
sets. The centered kernel matrices of them data sets be-
comes

Φ1 = [φ1(x
(1)
1 )T

− µ̂φ1
; . . . ;φ1(x

(N)
1 )T

− µ̂φ1
]

. . .

Φm = [φm(x
(1)
m )T

− µ̂φm
; . . . ;φm(x

(N)
m )T

− µ̂φm
] (5)

the projection vectorsw1, . . . , wm lie in the span of the
mapped data

P1 = Φ1w1, . . . , Pm = Φmwm. (6)

The resulted problem of kernel CCA can be deduced as the
analogue of linear CCA problem on the projected data sets
P1, . . . , Pm in Hilbert space:
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which leads to the generalized eigenvalue problem:
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whereΩi denotes the centered kernel matrix of i-th data
set where Mercer’s condition is applied withinΩ = ΦΦT ∈
RN×N :

Ω(ij) = φ(xi)
Tφ(xj) = K(xi, xj) (9)

The problem in (8) is ill-conditioned and the non-zero solu-
tions of generalized eigenvalue problem areρ = ±1. Hence
it needs to be regularized to obtain meaningful estimation of

canonical correlation in Hilbert space [4, 5, 6]. This paper
employed the regularization method proposed in [5] which
results in the following regularized general eigenvalue prob-
lem:
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whereκ is a small positive regularization constant.

2.3. Weighted MKCCA

Starting from the objective function in (7), the weighted ex-
tension of Multiple Kernel CCA can be formulated by em-
ploying additional weightsξu,v on pairwise correlations:

max
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whereξu,v is the scalar weight of correlation betweeneu

andev. If we denote the generalized eigenvalue problem
in (10) as the form ofΩα = λΩRα, the weights of Kernel
CCA can be decomposed as an additional positive definite
matrixW multiplying at the left and right side of the matrix
Ω:

WΩWα = λΩRα (12)

where
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Through this formulation, the weights of pairwise corre-
lation ξ in objective function (11) are decomposed as the
weightsζ on data sets. The sum ofζ is constrained to keep
the mean as 1.ψ is a normalization parameter to make the
sum ofξ equal to 1. This normalization constantψ only af-
fects the solution of eigenvalue but does not affect the eigen-
vector solution.



3. COMPUTATIONAL ISSUE

3.1. Standard Eigenvalue Problem for WMKCCA

Similar to the transformation presented in [4], the general-
ized eigenvalue problem in (12) can be written in following
form:

[WΩW + ΩR]α = (λ + 1)ΩRα (13)

The problem of finding maximal generalized eigenvalue in
(12) is equivalent to finding the minimal generalized eigen-
value in (13) because if the generalized eigenvalues in (12)
are {λ1,−λ1, . . . , λp, λp, 0, . . . , 0}, then correspondingly
the generalized eigenvalues in (13) are{1+λ1, 1−λ1, . . . , 1+
λp, 1−λp, 1, . . . , 1}. SinceΩR is regularized and can be de-
composed asΩR = CTC, definingβ = Cα,Kκ = WΩW+
ΩR the problem can be transformed as the following:

Kκα = λ♯ΩRα

Kκα = λ♯
C

T
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C
−T

KκC
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SinceΩR is a positive definite matrix in a diagonal form,
we have

C
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Replacing (14) with (15), the problem is written in the form
of standard eigenvalue problem:
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whererκ(Ωi) = Ωi(Ωi + κI)−1 = (Ωi + κI)−1Ωi

If eigenvaluesλ♯ and eigenvectorsβ are solved from
(16), the eigenvalues and eigenvectors of problem (12) isλ♯

andC−1β. More formally, the eigenvectorsαi of problem
(10) are equal to

αi = (Ωi + κI)−1βi. (17)

3.2. Incomplete Cholesky Decomposition

According to incomplete Cholesky decomposition, full rank
(N ) centered kernel matrixΩi can be factorized asΩi ≈
GiG

T
i , whereGi is in low rankMi (Mi ≤ N ). Apply sin-

gular value decomposition onGi to obtainN ×Mi matrix
Ui with orthogonal columns andMi ×Mi diagonal matrix
Λi such that:

Ωi ≈ GiG
T
i = UiΛiV

T
i (UiΛiV

T
i )T = UiΛ

2
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T
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DenotingEi as the orthogonal complement ofUi such
that(UiEi) is a full rankN ×N matrix, one obtains:

Ωi ≈ UiΛ
2
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T
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For regularized matrices in (10), one obtains:
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whereRi is the diagonal matrix obtained from the diagonal

matrix Λ̂i by transformationRj
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to its elements.

Replacing (16) with (20), decomposing (16) as

URκU
Tβ = λ♯β, (21)
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SinceRk is deduced from a similar matrix transformation,
the eigenvalues in are equivalent, moreover, the eigenvec-
tors of the low rank approximation is related to the full rank
problem by the following transformation:

URkU
T β = λ♯β

RkU
Tβ = λ♯UT β

Rkγ = λ♯γ (23)

Hence, once we obtained the eigenvectorγi in low rank
approximation problem (23) it can be restored to full rank
problem in (16) throughβi = Uiγi. Furthermore, the gen-
eralized eigenvectorαi of the original problem can be cal-
culated as formula (17), hence we have:

αi ≈ (Ωi + κI)−1Uiγi (24)

We have several parameters involved in MKCCA computa-
tion: κ the regularization parameter,η the precision param-
eter for incomplete Cholesky decomposition,τ the cut value
of eigenvalues determining the size ofUi andλi in singular
value decomposition ofΩi.

3.3. Incremental EVD solution for WMKCCA

Starting from the weighted problem expressed in (12), the
update of weights in WMKCCA can be expressed as an ad-
ditional update matrixV multiplied at the left and right sides
of the WMKCCA formulation:

VWΩWVα = λΩRα (25)

where
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v1, . . . , vm are the update ratios of weights corresponding
to ζ1, . . . , ζm.
Following the analog steps from (13) to (16), the standard
eigenvalue problem with updated weights is in the form of:
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For simplicity we denote the matrix of eigenvalue prob-
lem before weight updating isRk, the one after updating is
Rnew , we defineE = Rnew−Rk. For the weights updated
problem, we need to solveRnewγ = λ♯γ. Obviously, we
could approximate the solution of the new problem on the
basis of the previous solution ofRkγ = λ♯γ without redo-
ing the eigenvalue decomposition from the scratch. From
the previous solution we have:

γkΛkγ
T
k = Rk (28)

The updated problem is equal to addingE on both side of
equation:

γkΛkγ
T
k +E = Rk +E

γk(Λk + γT
k Eγk)γT

k = Rnew

γkTγ
T
k = Rnew (29)

Since in (27) weight updating only affect the off-diagonal
elements of the matrix. Moreover, due to the constraints of
weights matrix in (12) where the mean value ofζk is 1, the
update parameters is also constrained within a certain scope.
Usually, for small updates these values are close to 1. The
matrixE is in the form of:

E =
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where
Ei,j = (vivj − 1)ζiζjIRiU

T
i UjRj (31)

which only have non-zero values at off-diagonal positions
and most of the elements are close to 0. Hence,γT

k Eγk

is also a sparse matrix with most of the off diagonal ele-
ments are close to 0. So, the matrixT in (29) is a nearly
diagonal matrix thus can be solved more efficiently by iter-
ative eigenvalue decomposition algorithms. Hence, instead
of doing EVD each time with updated weights, we stored
the previous EVD solution and computed the EVD solution
of T incrementally.

4. WMKCCA FOR MACHINE LEARNING

WMKCCA can extract common information among multi-
ple heterogeneous data sets. Given a group of objects, usu-
ally multiple observations were obtained by different meth-
ods and conditions, however, the inter-relationships among
these objects follow a intrinsic pattern. By WMKCCA, the
relationships are investigated in a Hilbert space and patterns
of these relationships from multiple observations are com-
pared. When more than two observations are presented, the
advantage of weighted extension of kernel CCA is the flex-
ibility to bias the model towards several important observa-
tions without ignoring the information of the others. These
relationships and patterns are useful for machine learning
applications. Hence an integrative framework for WMKCCA
based machine learning is presented in Figure 1. The frame-
work integrates WMKCCA with supervised machine learn-
ing where the validation data and test data are projected onto
the embedding of the training data through out-of-sample

Fig. 1. A framework for learning using WMKCCA with
heterogeneous data sources

projection [7]. The model for WMKCCA is selected by
evaluating the machine learning performance on the vali-
dation set so that the parameters of kernel function and the
weights assigned on correlations are optimized.

5. RESULTS ON EXPERIMENTAL DATA SETS

5.1. Data sets and kernel functions

We adopted two pattern recognition data sets, Pen-Based
Recognition of Handwritten Digits and Optical Recogni-
tion of Handwritten Digits, from the UCI machine learning
data archives. For abbreviation, we denote them as Pen-
Data and OptData respectively. Both data sets have 10 la-
bels corresponding to digits from 0 to 9. PenData has 16
input attributes measured from 0 to 100 and OptData has
64 attributes measured from 0 to 16. We extracted 3750
samples (375 samples for each digit) from the training part
of both data sets, 80% of them used for training and 20%
used for validation. We adopted their original test data as
test set(3498 for PenData, 1797 for OptData). We applied
the RBF kernel to both data sets and the kernel width was
selected as the mean of covariance (for PenDataσ = 97,
for OptDataσ = 13). Moreover, we transformed the class
information of data into another kernel matrix of labels.
Firstly, the vector of class labels is coded into anN × 10
matrixL where thei-th column represents the label ofi− 1
digit. For example, for digit ”6” the7-th column is assigned
to 1 and other columns are 0. Then, the label matrix is trans-
formed into a kernel matrix by the linear kernelL ∗LT . So,
in our training step we produced three 3000×3000 kernel
matrices,Kpen,Kopt,Klabel.



5.2. Visualization of canonical projections

Similar to the kernel CCA visualization method presented
in [8] on single data sets, we visualized PenData and Opt-
Data simultaneously in lower dimensional space. In Figure
2 we presented a series of figures visualizing all 3000 train-
ing points in the space spanned by the 1st and 2nd canoni-
cal variate obtained by KCCA and WMKCCA. By adjust-
ing the weights, we are able to discover the difference and
transformative pattern of integrating two heterogenous data
sets. The 1st row shows the projections of two set KCCA on
Kpen,Klabel andKopt,Klabel respectively. The next three
rows show the projections produced by WMKCCA on three
sets with different weights. When we assign a large weight
on PenData (1.99) and small weight on OptData (0.01), the
projection of PenData is quite similar to the result of KCCA,
however, the projection of OptData is quite different. Simi-
larly, large weight on OptData makes WMKCCA a similar
result with KCCA on OptData but not for PenData. When
equal weights are assigned on all three sets, not only the cor-
relations between observations and label but also the corre-
lation betweenKpen,Kopt is maximized.
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Fig. 2. Visualization of PenData and OptData by KCCA
and WMKCCA in the space spanned by first 2 canonical
vectors

5.3. WMKCCA based Classification on canonical spaces

We applied a centroid classification approach on the pro-
jected data in canonical spaces which treats each set of dig-
its as a cluster and calculates the centroid as a function of
the mean across all dimensions in canonical space. When
new points are presented for classification, the Euclidean
distance from the new point to each cluster centroid is calcu-
lated. We compared the distances of new data to all 10 clus-
ters centroids and label the data with the one has the short-
est distance. The validation data and test data were firstly
projected into the canonical spaces of training data by out-
of-sample projection, then classified by centroid method ac-
cording to their distance to the cluster centroids of training
data. The accuracy of classification was evaluated calculat-
ing the percentage of correctly classified data of all labels.

We benchmarked the accuracy of validation sets with
different weights, using the incremental EVD method dis-
cussed in Section 2. The weights onKpen,Kopt,Klabel,
denoted asζpen, ζopt, ζlabel are benchmarked by grid search
from 0.1 to 2.9 with step 0.1 with the constraint thatζpen +
ζopt + ζlabel = 3. We also compared the performance
of classification in canonical subspaces of different sizes.
For each validation, the data was projected to the subspace
spanned by 10, 100 and 500 canonical vectors respectively.
The optimal weights and subspace were selected by the av-
erage of classification accuracies on two validation data sets.
Then the test data was fed into the WMKCCA model with
the selected weights and projected to the selected subspace
hence the accuracy on test data is obtained. We compared
the accuracy obtained on WMKCCA model with the results
from other methods mentioned in the literature in Table 1.
Results of KCCA, MKCCA and WMKCCA were obtained
by methods mentioned in this paper. Results of other meth-
ods were referenced from the literature. The best result of
WMKCCA on PenData (0.9794) and on OptData (0.9716)
was obtained whenζpen = 1.3, ζopt = 1.3, ζlabel = 0.4 and
the projection space set to 500 vectors. As it is shown, the
result of WMKCCA is better than the one of MKCCA with
equal weights. It is also better than the results of KCCA
that applied on observations and labels of individual data
set using all 3750 samples for training. It also seems that
the result of WMKCCA is comparable to the best results of
other methods reported by far. The result on OptData is only
slightly worse than the result produced by the hierarchical
combining of 45 SVMs [9].

5.4. Efficiency of Incremental EVD solution

We benchmarked the direct EVD algorithm and the incre-
mental EVD algorithm in WMKCCA experiments with dif-
ferent matrix sizes and update scales. The benchmark did
not consider previous ICD and SVD but only compare the



Table 1. Classification accuracy on Test Data
METHODS PenData OptData Notes
WMKCCA 0.9794 0.9716 See text
MKCCA 0.9766 0.9688 Equal weights
KCCA 0.9783 0.9711 3750 training
Linear SVM 0.9494 0.9602
RBF DDA SVM [10] 0.9708 0.9722
SVM Ensemble [9] N/A 0.9783 45 SVMs
MLP [10] 0.9703 0.9517
kNN [10] 0.9771 0.9649 k=3
Bayes+PCA [11] 0.9763 0.9694

CPU time of solving the eigenvalue problem in (23) by di-
rect method with solving the transformed problem in (29)
by incremental method. For the incremental method, the
CPU cost of calculatingE, matrix multiplication of calcu-
latingT , EVD of T and matrix multiplication of calculating
canonical vectors are taken into account. We adjusted the
scale of the problem by increasing the size of training set.
We selected 100, 500, 1000, 1500 and 2000 data samples
from two data sets and fed them into the WMKCCA algo-
rithm (η = 0.9, κ = 0.1, τ = 0.9). After ICD and SVD, the
matrixRk had size 160, 701, 1323, 1911 and 2483 respec-
tively. We also adjusted the scale of the weight update pa-
rameter, which is denoted as the ratio between new weight
and old weight in weight update matrixV . As we discussed
before, when that ratio is close to 1, the matrixE becomes
sparse off-diagonal. When that ratio is too big,E is not nec-
essarily a sparse off-diagonal matrix, thus the assumptionof
incremental EVD does not hold. We tried three scales 1.1,
2 and 10 which represents weak update, moderate update
and strong update of WMKCCA model respectively. For
the problem of 3 data sets, when the update scale is set to
2 and 10, the mean value ofζ does not necessarily equal
to 1 hence the constraint in (12) does not hold. The bench-
mark was run on a PC with Intel Core 2 CPU of 1.86GHz
and 2G physical memory. The software package for simula-
tion was MATLAB 2006a. The EVD algorithm used theeig
function in MATLAB, which is based on QR factorization.
From Figure 3, we can see that the incremental algorithm
significantly saves CPU time when the update is small and
moderate. However, when the update is large, the matrix
T is no longer nearly diagonal so the incremental algorithm
paid additional cost for matrix multiplication.

6. CONCLUSIONS

A new weighted formulation of kernel CCA on multiple sets
is proposed. Using low rank approximation and incremental
eigenvalue algorithm, WMKCCA is applicable to machine
learning problems as a flexible model for common infor-
mation extraction among multiple data sources. The paper
presents an experiments of applying WMKCCA to extract
and visualize correlations between observations and its class
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Fig. 3. Comparison of CPU time between direct EVD
method and Incremental EVD method

labels among two heterogeneous OCR data sources. Fur-
thermore, projections of data in canonical spaces obtained
by WMKCCA are fed into a simple clustering centroid clas-
sification algorithms and it shows comparable classification
accuracy with respect to the best reported results in the lit-
erature.
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