Katholieke Universiteit Leuven

Departement Elektrotechniek ESAT-SISTA/TR 02–96

Subspace angles for fault detection^1

Katrien De Cock and Bart De Moor^2

June 2002

Accepted for publication in Proceedings of the International Conference on Noise & Vibration Engineering, Leuven, September 16–18, 2002, 8 pages

1This report is available by anonymous ftp from ftp.esat.kuleuven.ac.be in the directory pub/SISTA/decock/reports/02–96.ps.gz 2K.U.Leuven, Dept. of Electrical Engineering (ESAT), Research group SCD, Kasteelpark Arenberg 10, 3001 Leuven, Belgium, Tel. 32/16/32 17 09, Fax 32/16/32 19 70, WWW: http://www.esat.kuleuven.ac.be/sista-cosic-docarch. E-mail: katrien.decock@esat.kuleuven.ac.be, bart.demoor@esat.kuleuven.ac.be. Dr. Bart De Moor is full professor at the K.U.Leuven. Katrien De Cock is a Research Assistant at the K.U.Leuven. Our research is supported by grants from several funding agencies and sources: Research Council KUL: Concerted Research Action GOA-Mefisto 666 (Mathematical Engineering), IDO (IOTA Oncology, Genetic networks), several PhD, postdoc & fellow grants; Flemish Government: Fund for Scientific Research Flanders (several PhD and postdoc grants, projects G.0256.97 (subspace), G.0115.01 (bio-i and microarrays), G.0240.99 (multilinear algebra), G.0197.02 (power islands), G.0407.02 (support vector machines), research communities ICCoS, ANMMM), AWI (Bil. Int. Collaboration Hungary/ Poland), IWT (Soft4s (softsensors), STWW-Genprom (gene promotor prediction), GBOU-McKnow (Knowledge management algorithms), Eureka-Impact (MPC-control), Eureka-FLiTE (flutter modeling), several PhD grants); Belgian Federal Government: DWTC (IUAP IV-02 (1996-2001) and IUAP V-22 (2002-2006): Dynamical Systems and Control: Computation, Identification & Modelling), Program Sustainable Development PODO-II (CP/40: Sustainibility effects of Traffic Management Systems); Direct contract research: Verhaert, Electrabel, Elia, Data4s, IPCOS;

Subspace angles for fault detection

K. De Cock, B. De Moor^∗ KULeuven, Department of Electrical Engineering (ESAT–SCD), Kasteelpark Arenberg 10, B-3001, Leuven, Belgium tel. +32/16 32 17 09, fax +32/16 32 19 70 e-mail: decock@esat.kuleuven.ac.be,demoor@esat.kuleuven.ac.be URL: http://www.esat.kuleuven.ac.be/sista-cosic-docarch/

Abstract

In this paper we present subspace angles between two models and subspace angles within a model. We show how they can be used in fault detection problems. From these angles, model norms and distance measures are derived that are related to the cepstrum of the models. We show that one of the norms is equivalent to the mutual information of the past and the future output process. Finally, we show how the distance between a model and observations can be defined and computed.

1 Introduction

The notion of principal angles between subspaces of linear vector spaces is due to Jordan [16] in the nineteenth century. This notion was translated by Hotelling [15] into the statistical quantities of canonical correlations, which are widely applied (see e.g. [11]). In the area of systems and control, principal angles between two subspaces are used in subspace identification methods [22] and also in model updating [8] and damage location [9]. In the latter two applications, one starts from a finite element model and observations of a certain mechanical structure and one tries to find the subset of parameters of the model that should be adapted to explain the observations, which is done by computing the principal angles between a certain observation space and the parameterized space. In that way, damage to the structure can be located. The subspace-based fault detection algorithm of Basseville et al. [2], on the other hand, is based on linear dynamical models, the type of models that we deal with here. Changes in the eigenmodes of the observed system are determined by monitoring the difference between the column spaces of the observability matrix of the nominal linear dynamical model and the observability matrix of the model that can be identified from the observations. The difference between the column spaces can be quantified by the principal angles between the subspaces.

∗Dr. Katrien De Cock is a research assistant at the K.U.Leuven. Dr. Bart De Moor is a full professor at the K.U.Leuven.

In this paper we present subspace angles between two models and subspace angles within a model and show how they can be used in fault detection problems. From these angles, model norms and distance measures are derived that are related to the cepstrum of the models. We show that one of the norms is equivalent to the mutual information of the past and the future output process. Finally, we show how the distance between two measured signals, between a model and a signal and between two models can be computed.

The paper is organized as follows. First, in Section 2 we describe the models that we will work with: single-input single-output (SISO), linear stochastic time-invariant models. In Section 3 we briefly recall the notion of principal angles between two subspaces. This geometrical concept is in Section 4 applied to linear stochastic models, so that we obtain subspace angles between two models. In Section 5 we deal with subspace angles within a model. Section 6 gives an overview of possible distance measures and norms based on subspace angles. The cepstrum and a related cepstral norm and cepstral distance are defined in Section 7, where we also give the relation of the cepstral distance and the subspace angles between two models and the relation of the cepstral norm and the subspace angles within a model. Furthermore, we show that for Gaussian processes, the cepstral norm is closely related to the information theoretic notion of mutual information. In Section 8, finally, we indicate how these angles and the derived norms and distances can be used for fault detection.

2 Linear stochastic models

We describe in this section the model class that we will work with, namely single-input single-output (SISO) linear time-invariant stochastic models. The forward innovation state space description of such an nth order model has the following form: { x(k + 1) = Ax(k) + Ku(k) , y(k) = Cx(k) + u(k) , (1) where {y(k)}_{k∈Z} ∈ R, the output of the model, is the stochastic process that is being modeled, {u(k)}_{k∈Z} ∈ R is the (white) innovation process of {y(k)}_{k∈Z} (henceforth, {u(k)}_{k∈Z} ∈ R will also be called the input process) and {x(k)}_{k∈Z} ∈ R^n is the state process. The matrix A ∈ R^{n×n} is called the system matrix, C ∈ R^{1×n} is the output matrix and K ∈ R^{n×1} is the Kalman gain. We will denote the model (1) by the threesome (A, K, C).

The transfer function from {u(k)}_{k∈Z} ∈ R to {y(k)}_{k∈Z} is equal to

H(z) = C(zI_n − A)^{−1}K + 1 .

It can be developed in a series as H(z) = ∑_∞ k=0 h(k)z^{−k} = 1 + CKz^{−1} + CAKz^{−2} + · · · , which yields the impulse response h(0), h(1), . . . of the model. The values h(k) (k ≥ 0), which are equal to {

h(0) = 1 , h(k) = CA^{k−1}K for k > 0 , are also known as the Markov parameters of the model. The poles of the model are the eigenvalues of the system matrix A.

We will make use of the infinite observability matrix of the model, which is defined as

Γ = C CA CA^2 . . .

From the equations in (1) one can immediately derive the state space equations of the inverse model: { x(k + 1) = (A − KC)x(k) + Ky(k) , u(k) = −Cx(k) + y(k) . (2) The zeros of the model (A, K, C) are consequently equal to the eigenvalues of A − KC. They always lie inside the unit circle, as follows from Kalman filter theory, provided (A, C) is observable. The infinite observability matrix of the inverse model, finally, is denoted by Γ_z:

Γ_z = −C −C(A − KC) −C(A − KC)^2 . . .

We will compute principal angles between the row spaces of input and output Hankel matrices of linear stochastic models. If s output observations y(0), y(1), . . . , y(s − 1) are given, then the output Hankel matrix is equal to

Y = y(0) y(1) · · · y(j − 1) y(1) y(2) · · · y(j) . . . . . . y(i − 1) y(i) · · · y(i + j − 2) y(i) y(i + 1) · · · y(i + j − 1) y(i + 1) y(i + 2) · · · y(i + j) . . . . . . y(2i − 1) y(2i) · · · y(2i + j − 1)

,

(3) = ( Y_p Y_f ) , (4)

where 2i + j = s and i and j are user defined parameters with j ≫ i and i larger than the model order n. The submatrix of the first i rows is denoted by Y_p, where the subscript p stands for ‘past’, while the submatrix of the last i rows is Y_f , the subscript f referring to the ‘future’. The past and future input Hankel matrices, U_p ∈ R^{i×j} and U_f ∈ R^{i×j} are defined in a similar way.

3 Principal angles between subspaces

The principal angles between and principal directions in two subspaces S_1 and S_2 are defined as follows.

Definition 1. Let S_1 and S_2 be subspaces of dimension p and q, respectively, where p ≤ q. Then, the p principal angles between S_1 and S_2, denoted by θ_1, . . . , θ_p, and the corresponding principal directions u_i ∈ S_1 and v_i ∈ S_2 are recursively defined as cos θ_1 = max_{u∈S1} max_{v∈S2} |u^T v| = u^T_1 v_1

cos θ_k = max_{u∈S1} max_{v∈S2} |u^T v| = u^T_k v_k (k = 2, . . . , p)

subject to ‖u‖ = ‖v‖ = 1, and for k > 1: u^T u_i = 0 and v^T v_i = 0, where i = 1, . . . , k − 1.

Let A ∈ R^{p×n} be of rank r_a and B ∈ R^{q×n} of rank r_b, where r_a < r_b. Then, the ordered set of r_a principal angles between the row spaces of A and B is denoted by (θ_1, θ_2, . . . , θ_{ra} ) = [A ∢ B] .

Numerically stable methods to compute the principal angles and vectors via a singular value decomposition have been proposed in [3, 14] and can also be found in [13, pp. 603–604].

4 Subspace angles between two models

By looking at the principal angles between certain output spaces derived from two linear stochastic models that are driven by the same white noise, we can define subspace angles between two models. Let M^{(1)} and M^{(2)} be linear stochastic models that are driven by the same white noise process. The order of the models is n^{(1)} and n^{(2)}, respectively, and their state space matrices (A^{(1)}, K^{(1)}, C^{(1)}) and (A^{(2)}, K^{(2)}, C^{(2)}). The largest n^{(1)} + n^{(2)} principal angles between the row spaces of the output Hankel matrices (see (3)) can then be expressed in terms of the model parameters, while the other principal angles are all equal to 0.

Theorem 4.1. The largest n^{(1)} + n^{(2)} principal angles between the row spaces of the output Hankel matrices of M^{(1)} and M^{(2)}, denoted by Y^{(1)} and Y^{(2)}, are equal to the principal angles between the column spaces of ( Γ^{(1)} Γ^{(2)}_z ) and ( Γ^{(2)} Γ^{(1)}_z ) , provided the number of rows and columns of the Hankel matrices goes to ∞. The other principal angles are equal to 0: [ Y^{(1)} ∢ Y^{(2)} ] = [( Γ^{(1)} Γ^{(2)}_z )_T ∢ ( Γ^{(2)} Γ^{(1)}_z )_T ] , 0, 0, . . . , (5) where Γ^{(1)} and Γ^{(2)} are the observability matrices of the two models and Γ^{(1)}_z and Γ^{(2)}_z the observability matrices of the inverse models.

The proof for the equality in (5) is given in [5, pp. 133–134]. The principal angles between the column spaces of ( Γ^{(1)} Γ^{(2)}_z ) and ( Γ^{(2)} Γ^{(1)}_z ) indicate the difference between the models, and we call them the subspace angles between the two models.

5 Subspace angles within a model

Besides subspace angles between two models, one can also define subspace angles within one model. We discuss two groups of angles: in Section 5.1 the principal angles between the future input and future output space of a linear stochastic model and in Section 5.2 the principal angles between the past and future output spaces.

5.1 The principal angles between future input and future output

In an analogous way as for the subspace angles between two models, we can express the principal angles between the future input and output spaces of a linear stochastic model of order n in terms of the model parameters as follows.

Theorem 5.1. The largest n principal angles between the row spaces of the future input and future output Hankel matrices, U_f and Y_f (see (3-4)), of a model M are equal to the principal angles between the column spaces of the observability matrix of M and the observability matrix of the inverse model M^{−1}, provided the number of rows and columns of the Hankel matrices goes to ∞. The other principal angles are equal to 0:

[U_f ∢ Y_f ] = [ Γ^T ∢ Γ^T_z ] , 0, 0, . . . , where Γ is the observability matrix of the model and Γ_z is the observability matrix of the inverse model.

The proof of Theorem 5.1 is given in [5, p. 137]. Only n principal angles between the input and output spaces differ from 0. These angles are called the subspace angles of the model.

Note that the subspace angles of an nth order model M with transfer function^{b(z)}_{a(z)} are equal to the subspace angles between the autoregressive model with transfer function^{zn}_{a(z)} and the autoregressive model with transfer function^{zn}_{b(z)} . They consequently indicate a certain ‘correlation’ of the pole- and zeropart of the transfer function. The closer the zeros lie to the poles, the smaller the subspace angles of the model. Conversely, the subspace angles between two models with transfer function H^{(1)} and H^{(2)}, respectively, are equal to the subspace angles of the model with transfer function^{H(1)}_{H(2)} .

5.2 The principal angles between past and future output

It can be proven that the principal angles between the row spaces of the past and future output Hankel matrices, Y_p and Y_f (see (4)), are complementary to the principal angles between the row spaces of the future input and future output Hankel matrices, U_f and Y_f (for the proof, see [5, p. 121]):

[Y_p ∢ Y_f ] = π 2 − [U_f ∢ Y_f ] . (6)

Consequently, the principal angles between past and future output of a model of order n can be expressed in terms of the model parameters (A, K, C), as follows:

[Y_p ∢ Y_f ] = π 2 − [ Γ^T ∢ Γ^T_z ] , π 2 , π 2 , . . . 6 Distance measures and model norms

Based on the subspace angles between two models we can derive several distance measures, which have already been reported in [6]. Let M^{(1)} and M^{(2)} be models of order n^{(1)} and n^{(2)}, respectively and the subspace angles between them be denoted by θ^{(12)}_1 , θ^{(12)}_2 , . . . , θ^{(12)}_{n(1)+n(2)} . Then, the following distance measures can be obtained by combining the subspace angles:

d^2_g(M^{(1)}, M^{(2)}) = sin θ^{(12)}_{max} , (7)

d^2_f (M^{(1)}, M^{(2)}) =

n^{(1)}+n^{(2)} ∑ i=1 sin^2 θ^{(12)}_i , (8)

d^2(M^{(1)}, M^{(2)}) =

n^{(1)}+n^{(2)} ∑ i=1 log 1 cos^2 θ^{(12)}_i

. (9)

In agreement with [12, 17], the distance measure in (7) can be called the gap between M^{(1)} and M^{(2)}. The distance in (9) is equal to the cepstral distance measure that was defined in [19], which we discuss in the following section.

The subspace angles of a model of order n, denoted by θ_1, . . . , θ_n, can be combined in an analogous way, which then leads to the following model norms:

‖M‖^2_g = sin θ_{max} ,

‖M‖^2_f = n∑ i=1 sin^2 θ_i ,

‖M‖^2 = n∑ i=1 log 1 cos^2 θ_i

. (10)

As explained in [5], the term ‘norm’ should be interpreted as follows: it is a measure for the nonwhiteness of the output process of the model if it is driven by white noise: the more the model colors the input process, the larger the model norm.

7 A cepstral distance measure and cepstral norm

7.1 The cepstrum

The cepstrum of a stochastic process is defined as the inverse Fourier transform of the logarithm of the spectrum of the process. It can be easily computed by using the fast Fourier transform, as shown in Figure 1. The cepstrum has been introduced for the detection of echoes in seismological data [4]. It is used in speech recognition [21], in fault detection methods for rotating machines [23], but also for measuring the distance between two signals, see [1] and references therein and [19].

PSfrag replacements

Figure 1: Estimation of the cepstrum of the stochastic process y(k). The Fast Fourier transform (FFT) is applied to the observations y(k) (k = 0, 1, . . . , K − 1). Next, the logarithm of the absolute value squared of the transformed sequence is devided by the number of observations. pAplying the inverse Fast Fourier transform (IFFT) results in an estimate for the cepstrum.

The cepstrum of the output process of a linear stochastic model can be expressed in terms of the model parameters. Suppose the order of the model is n, its poles are denoted by α_1, . . . , α_n and the zeros by β_1, . . . , β_n. Assume that the variance of the white noise input process u(k) is equal to σ^2. Then, the cepstrum coefficients of the output process y(k) are equal to [20, p. 502]:

c(k) = log σ^2 k = 0 , p∑ i=1 α^{|k|}_i |k| − q∑ i=1 β^{|k|}_i |k| k ≠ 0 .

The cepstrum can also be obtained from the input variance and the model’s Markov parameters (the impulse response) [20, p. 504]

c(k) = log σ^2 k = 0 , h(|k|) − 1 |k| |k|−1∑

n=0 nc(n)h (|k| − n) k ≠ 0 . Note that from the cepstrum, the Markov parameters and the input variance can be derived, which can then be used to identify the state space matrices by applying realization algorithms [18, 24] (see [5, pp. 205– 208]).

7.2 A cepstral distance measure

Several distance measures for signals that are based on the cepstrum of the signals, have been proposed [1]. We concentrate on the distance that was defined in [19]. Let M^{(1)} and M^{(2)} be two linear stochastic models with cepstrum c^{(1)} and c^{(2)}, respectively. Then, the cepstral distance between M^{(1)} and M^{(2)} is defined as

d^2(M^{(1)}, M^{(2)}) = ∞∑ k=0 k(c^{(1)}(k) − c^{(2)}(k))^2 . (11)

Assume the models M^{(1)} and M^{(2)} are of order n^{(1)} and n^{(2)}, respectively. We have shown in [7] that the cepstral distance in (11) can be expressed in terms of the n^{(1)} + n^{(2)} subspace angles between the models M^{(1)} and M^{(2)}, denoted by θ^{(12)}_1 , θ^{(12)}_2 , . . . , θ^{(12)}_{n(1)+n(2)} , as follows:

d^2(M^{(1)}, M^{(2)}) =

n^{(1)}+n^{(2)} ∑ i=1 log 1 cos^2 θ^{(12)}_i . Consequently, the cepstral distance is equal to the distance measure which we have already mentioned in (9).

7.3 A cepstral norm

Based on the definition in [19] (see (11)), we can derive the corresponding model norm:

‖M‖^2 = ∞∑ k=0 kc(k)^2 , where c(k) is the cepstrum of the model M. While the cepstral distance between two models is related to the subspace angles between the models, the cepstral norm of a model is related to the subspace angles within the model. Let the model be of order n and let its subspace angles (the non-zero principal angles between future input and future output) be denoted by θ_1, θ_2, . . . , θ_n. Then, the cepstral norm is equal to the norm in (10): ∞∑ k=0 kc(k)^2 = n∑ i=1 log 1 cos^2 θ_i . Due to the complementarity property in (6), the norm can also be expressed in terms of the principal angles between the past and future output spaces, which are denoted by ϕ_1, . . . , ϕ_n: ∞∑ k=0 kc(k)^2 = n∑ i=1 log 1 sin^2 ϕ_i

. (12)

From the characterization in (12) follows that the cepstral norm of a model is proportional to the mutual information of the past and future output processes (denoted by y_p and y_f ), provided the output process is Gaussian. Indeed, the mutual information of the jointly Gaussian stochastic processes y_p and y_f can be written as (see e.g. [10])

I(y_p, y_f ) = 1 2 n∑ i=1 log 1 sin^2 ϕ_i . The mutual information of the past and the future of a Gaussian stochastic output process of a linear model M is consequently also equal to

I(y_p, y_f ) = 1 2 ∞∑ k=0 kc(k)^2 = 1 2 ‖M‖^2 ,

= 1 2 n∑ i=1 log 1 cos^2 θ_i , where θ_1, . . . , θ_n are the subspace angles of M.

8 Fault detection based on subspace angles

In this section, we consider the problem of detecting changes in the dynamics of a certain structure or process (e.g. the frequency or damping of vibration modes of a bridge, an airplane, . . . ). We show how the subspace angles between two models and the subspace angles of a model could be useful for this purpose.

Suppose we have a model of the undamaged structure with transfer function H(z) on the one hand and new observations y(k), y(k + 1), . . . of the structure on the other hand. The aim is to decide, based on the observations, whether the dynamic properties of the structure have changed significantly, so that one can assume that the structure has been damaged.

A first way to tackle this problem is by identifying a new model, based on the observations. We denote its transfer function by H^′(z). The identification could be done recursively, so that there is a continuous monitoring of the structure. The difference between the original model H(z) and the new model H^′(z) can then be measured by the subspace angles between the two models (5), or by a distance measure based on the subspace angles (7–9).

Note that if the input process is non-stationary, but still white, then neither the zeros of the models, nor the observability matrices of the inverse models, which show up in (5), can be determined. However, one could still monitor the changes of the poles by computing the principal angles between the column spaces of the observability matrices of the models.

Secondly, the angles/distance between the observations and the model of the undamaged structure can also be computed more directly, namely without having to identify a model from the observations. If the observations are filtered by the inverse model H^{−1}(z), which can be done by mere Kalman filtering (see (2)), we obtain the residuals. In case the structure did not change, these residuals would be white, while they are colored if the dynamics did change. The residuals can be seen as the output process of the series connection of H^{−1}(z) and the model for the observations, H^′(z), see Figure 2. As explained in Section 5.1, the subspace angles of this concatenated model with transfer function^{H′(z)}_{H(z)} are equal to the subspace angles between H(z) and H^′(z). They can be computed via the principal angles between the past and future spaces of the residuals (Section 5.2), which can be done recursively.

PSfrag replacements

Figure 2: Filtering the observations by the inverse original model gives the residuals. They can be viewed as the output of the series connection of H^′(z) and H^{−1}(z).

Based on the subspace angles of^{H′(z)}_{H(z)} we can compute a certain model norm, e.g. the cepstral norm, which is then equal to the cepstral distance between H(z) and H^′(z). Of course, this distance can also be obtained as follows. Compute the cepstrum of the model with transfer function H (see Section 7.1), denoted by c_H , and estimate K cepstral coefficients of the observations, e.g. as in Figure 1, which is denoted by c_y. Then, the cepstral distance can be estimated as

d^2(H, H^′) = K−1∑ k=0 k(c_H (k) − c_y(k))^2 .

As said before, when the input is non-stationary, one is only interested in the changes of the poles. For this case, too, one can determine principal angles directly from the observations and the given model, without having to identify a new model. The principal angles that we want to estimate are those between the column spaces of the observability matrix of the given model H(z), denoted by Γ, and the observability matrix of H^′(z), denoted by Γ^′. We do not need to identify the latter model since the column space of Γ^′ is equal to the column space of the orthogonal projection of the future output process (observations) and the past output process. This projection can again be computed in a recursive way.

9 Conclusions

We have presented subspace angles between two models and subspace angles within a model. A cepstral distance measure can be expressed in terms of the subspace angles. We have indicated how the subspace angles and the cepstral distance could be used in fault detection problems.

Acknowledgements

Our research is supported by grants from several funding agencies and sources: Research Council KUL: Concerted Research Action GOA-Mefisto 666 (Mathematical Engineering), IDO (IOTA Oncology, Genetic networks), several PhD, postdoc & fellow grants; Flemish Government: Fund for Scientific Research Flanders (several PhD and postdoc grants, projects G.0256.97 (subspace), G.0115.01 (bio-i and microarrays), G.0240.99 (multilinear algebra), G.0197.02 (power islands), G.0407.02 (support vector machines), research communities ICCoS, ANMMM), AWI (Bil. Int. Collaboration Hungary/ Poland), IWT (Soft4s (softsensors), STWW-Genprom (gene promotor prediction), GBOU-McKnow (Knowledge management algorithms), Eureka-Impact (MPC-control), Eureka-FLiTE (flutter modeling), several PhD grants); Belgian Federal Government: DWTC (IUAP IV-02 (1996-2001) and IUAP V-22 (2002- 2006): Dynamical Systems and Control: Computation, Identification & Modelling), Program Sustainable Development PODO- II (CP/40: Sustainibility effects of Traffic Management Systems); Direct contract research: Verhaert, Electrabel, Elia, Data4s, IP- COS.

References

[1] M. Basseville, Distance measures for signal processing and pattern recognition, Signal Processing, Vol. 18, No. 4 (1989), pp. 349–369.

[2] M. Basseville, M. Abdelghani, and A. Benveniste, Subspace-based fault detection algorithms for vibration monitoring, Automatica, Vol. 36 (2000), pp. 101–109.

[3] Å. Björck and G. H. Golub, Numerical methods for computing angles between linear subspaces, Mathematics of Computation, Vol. 27 (1973), pp. 579–594.

[4] B. P. Bogert, M. J. R. Healy, and J. W. Tukey, The quefrency alanysis of time series for echoes: cepstrum, pseudo-autocovariance, crosscepstrum and saphe cracking, in M. Rosenblat, editor, Proceedings of the Symposium on Time Series Analysis, Wiley, New York (1963), pp. 209–243.

[5] K De Cock. Principal Angles in System Theory, Information Theory and Signal Processing, PhD thesis, Faculty of Applied Sciences, K.U.Leuven, Leuven, Belgium (2002), avail-

able on ftp.esat.kuleuven.ac.be/
pub/sista/decock/reports/ as
phd.ps.gz.

[6] K. De Cock and B. De Moor, Subspace angles and distances between ARMA models, in Proceedings of the International Symposium on the Mathematical Theory of Networks and Systems (MTNS 2000), Perpignan, France, (2000), avail-

able on ftp://ftp.esat.kuleuven.
ac.be/pub/SISTA/decock/reports as
00-39.ps.gz.

[7] K. De Cock and B. De Moor, Subspace angles between ARMA models, Technical Report 00-44a, ESAT-SISTA, K.U.Leuven, Leuven, Belgium, accepted for publication in Systems & Control Letters, (2002), available on

ftp://ftp.esat.kuleuven.ac.be/
pub/SISTA/decock/reports as
00-44a.ps.gz.

[8] M. I. Friswell, J. E. Mottershead, and H. Ahmadian, Combining subset selection and parameter constraints in model updating, Journal of Vibration and Acoustics, Vol. 120 (1998), pp. 854– 859.

[9] M. I. Friswell, J. E. T. Penny, and S. D. Garvey, Parameter subset selection in damage location, Inverse Problems in Engineering, Vol. 5 (1997), pp. 189–215, available on

http://www.swan.ac.uk/mecheng/
staff/mfriswell/PDF Files/ as
J33.pdf.

[10] I. M. Gel’fand and A. M. Yaglom, Calculation of the amount of information about a random function contained in another such function, American Mathematical Society Translations, Series (2), Vol. 12 (1959), pp. 199–236.

[11] R. Gittins, Canonical Analysis: a Review with Applications in Ecology. Springer, Berlin (1985).

[12] I. Gohberg, P. Lancaster, and L. Rodman, Invariant subspaces of matrices with applications, Wiley, New York (1986).

[13] G. H. Golub and C. F. Van Loan, Matrix Computations, third edition, The Johns Hopkins University Press, Baltimore (1996).

[14] G. H. Golub and H. Zha, The canonical correlations of matrix pairs and their numerical computation, in A. Bojanczyk and G. Cybenko, editors, Linear Algebra for Signal Processing, pp. 59–82, Springer, New York (1995).

[15] H. Hotelling, Relations between two sets of variates, Biometrika, Vol. 28 (1936), pp. 321–372.

[16] C. Jordan, Essai sur la géométrie à n dimensions, Bulletin de la Société Mathématique, Vol. 3 (1875), pp. 103–174.

[17] T. Kato, Perturbation theory for linear operators, Springer, New York (1966).

[18] S. Y. Kung, A new identification method and model reduction algorithm via singular value decomposition, in Proceedings of the 12th Asilomar Conference on Circuits, Systems and Computations,Asilomar, USA, (1978), pp. 705–714.

[19] R. J. Martin, A metric for ARMA processes, IEEE Transactions on Signal Processing, Vol. 48, No. 4, (2000), pp. 1164–1170.

[20] A. V. Oppenheim and R. W. Schafer, Digital Signal Processing, Prentice Hall International, London (1975).

[21] L. R. Rabiner and B. H. Juang, Fundamentals of Speech Recognition, Prentice Hall, Englewood Cliffs, NJ (1993).

[22] P. Van Overschee and B. De Moor, Subspace Identification for Linear Systems: Theory – Implementation – Applications, Kluwer Academic Publishers, Boston (1996).

[23] J. Wismer, Application Note: Gearbox Analysis Using Cepstrum Analysis and Comb Liftering, Brüel & Kjær, Denmark, available from the Literature Search on http://www.bksv.com.

[24] H. Zeiger and A. McEwen, Approximate linear realization of given dimension via Ho’s algorithm, IEEE Transactions on Automatic Control, Vol. 19 (1974), p. 153.