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Abstract. Higher-order tensors are used in many application fields, such as statistics, signal
processing, and scientific computing. Efficient and reliable algorithms for manipulating these multi-
way arrays are thus required. In this paper, we focus on the best rank-(R1, R2, R3) approximation
of third-order tensors. We propose a new iterative algorithm based on the trust-region scheme. The
tensor approximation problem is expressed as a minimization of a cost function on a product of three
Grassmann manifolds. We apply the Riemannian trust-region scheme, using the truncated conjugate-
gradient method for solving the trust-region subproblem. Making use of second order information of
the cost function, superlinear convergence is achieved. If the stopping criterion of the subproblem is
chosen adequately, the local convergence rate is quadratic. We compare this new method with the
well-known higher-order orthogonal iteration method and discuss the advantages over Newton-type
methods.
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1. Introduction. Higher-order tensors are multiway arrays of numbers, i.e.,
higher-order generalizations of vectors (first order) and matrices (second order). They
are used as a tool in higher-order statistics [33, 29, 44, 32], independent compo-
nent analysis [10, 11, 14, 8], and harmonic analysis [36, 37]. Fields of application
of higher-order tensors also include chemometrics [42], biomedical signal processing
[31, 15, 16, 4], telecommunications [40, 41, 10], scientific computing [7, 6, 20, 35],
and image processing [48]. The main applications of the tensor approximation
discussed in this paper are the dimensionality reduction of tensors with high dimen-
sions [14, 4, 15, 16, 27, 42, 26] and signal subspace estimation [36, 37, 27, 42, 26, 19].
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Even some basic matrix concepts cannot be generalized to higher-order tensors
in a unique manner. For example, generalization of different matrix-rank properties
leads to different tensor-rank definitions. In this paper, we consider a definition of
tensor-rank introduced in [21, 22] as a direct generalization of row and column rank
of a matrix. The so-called mode-n vectors (n = 1, 2, . . . , N) of an Nth-order tensor
are vectors obtained by varying the nth index, while keeping the other indices fixed.
The dimension of the vector space spanned by the mode-n vectors is called “mode-
n rank.” The multilinear rank of a tensor is then the n-tuple of the mode-n ranks.
Contrary to the matrix case, different mode-n ranks are not necessarily equal to each
other. In this paper, we look for the best low rank-(R1, R2, . . . , RN ) approximation of
an Nth-order tensor. This is a tensor with bounded mode-n ranks as close as possible
to the original tensor. In the sense of multilinear rank, a generalization of the singular
value decomposition (SVD), giving the best low rank approximation of a matrix is the
higher-order singular value decomposition (HOSVD) [12], also known as the Tucker
decomposition [46, 47]. Its truncation results in a suboptimal solution of the best low
rank-(R1, R2, . . . , RN ) approximation problem, which can serve as a good starting
point for iterative algorithms.

The most widely used iterative algorithm is the higher-order orthogonal iteration
(HOOI) [13, 27, 28]. Recently, Newton-type algorithms for the best low multilinear
rank approximation of tensors have been developed in [25, 17, 39], the first one be-
ing based on [2]. In this paper, we develop an algorithm based on the trust-region
scheme on Riemannian manifolds; we refer to [1] for the theory of the Riemannian
trust-region method and to the generic Riemannian trust-region (GenRTR)1 pack-
age for a generic Matlab implementation. A summary of the first version of our
algorithm has been proposed in [24]. The main advantage over HOOI of our new
algorithm is its superlinear convergence speed. Moreover, for a well-chosen stop-
ping criterion, the algorithm has quadratic convergence. The convergence speed of
HOOI is only linear. On the other hand, the HOOI iterations are cheaper in gen-
eral. However, if the order of the tensor is high or if the imposed multilinear rank
is small compared to the tensor dimensions, which is often the case in practice,
the cost per iteration of both algorithms is comparable. A detailed comparison of
these two algorithms is given in section 5. Compared to the pure Newton-type algo-
rithms, the advantage of the proposed algorithm is its more stable behavior. For the
trust-region algorithm, convergence to stationary points is guaranteed for all initial
points. This is not the case for the pure Newton-type methods. Moreover, in prac-
tice, the trust-region algorithm converges to a local minimum, whereas pure Newton-
type methods may converge to any type of stationary point (minimum, maximum,
or saddle point). A strength of the trust-region over the quasi-Newton algorithms
is that the trust-region algorithms have rich convergence analysis [1]. On the other
hand, less is known about quasi-Newton algorithms [39]. Finally, we mention other
related methods that have appeared in the literature. A Krylov method has been
proposed in [38] for large sparse tensors. Fast HOSVD algorithms for symmetric,
Toeplitz, and Hankel tensors have been proposed in [5]. For tensors with large di-
mensions, a Tucker-type decomposition is developed in [35]. In the latter paper, it
is required that a good Tucker approximation exists with low multilinear rank. The
computation then involves only few entries of the given tensor and takes only linear
time.

1http://www.math.fsu.edu/∼cbaker/GenRTR/.
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This paper is organized as follows. In section 2, some basic definitions are given,
and the problem of approximating a tensor by a low multilinear rank tensor is for-
mulated in mathematical terms. Both HOSVD and HOOI are briefly presented. We
consider third-order tensors for simplicity. In section 3, the basics of the trust-region
method in R

n, in a Euclidean space, and on a Riemannian manifold are given. Our
trust-region–based algorithm for the best rank-(R1, R2, R3) approximation of third-
order tensors is described in section 4. Section 5 makes a comparison between the
trust-region algorithm and HOOI. A comparison with Newton-type methods is made
in section 6. We draw our conclusions in section 7.

Throughout this paper, we use the following notation. Tensors are denoted by
calligraphic letters (A,B, . . .), boldface capitals (A,B, . . .) correspond to matrices,
and scalars are written as lowercase letters (a, b, . . .). This means that the elements
of a third-order tensor A are aijk = (A)ijk . Some special scalars and upper bounds
are denoted by capital letters (I, I1, I2, I3, N,R, . . .). We use “×” for the Cartesian
product of sets and “⊗” for the Kronecker product. The identity matrix is I, OR =
{X ∈ R

R×R : XTX = XXT = I} denotes the orthogonal group (the set of all
orthogonal R × R matrices), and St(R, I) = {X ∈ R

I×R : XTX = I} denotes the
Stiefel manifold (the set of all columnwise orthonormal I ×R matrices).

2. Problem formulation. In this section, we start with some basic definitions
and notations. Further, we formulate the main problem and then we briefly summarize
HOSVD and HOOI.

2.1. Basic definitions. We denote the mode-n products of a tensor A ∈
R

I1×I2×I3 with matrices M(n) ∈ R
Jn×In , n = 1, 2, 3, by A •n M(n), where

(A •1 M(1))j1i2i3 =
∑
i1

ai1i2i3m
(1)
j1i1

,

(A •2 M(2))i1j2i3 =
∑
i2

ai1i2i3m
(2)
j2i2

,

(A •3 M(3))i1i2j3 =
∑
i3

ai1i2i3m
(3)
j3i3

and 1 ≤ in ≤ In, 1 ≤ jn ≤ Jn. To make computations easier, it is convenient to define
matrix representations A(n), n = 1, 2, 3, of a tensor A in the following way:

(A(1))i1,(i2−1)I3+i3 = (A(2))i2,(i3−1)I1+i1 = (A(3))i3,(i1−1)I2+i2 = ai1i2i3 ,

with 1 ≤ i1 ≤ I1, 1 ≤ i2 ≤ I2, 1 ≤ i3 ≤ I3. The scalar product of two tensors A and
B is defined as 〈A,B〉 =

∑
i1

∑
i2

∑
i3
ai1i2i3 bi1i2i3 . Finally, the Frobenius norm of a

tensor A is ‖A‖ =
√
〈A,A〉.

2.2. The problem. In this paper, we look for the best rank-(R1, R2, R3) ap-
proximation Â ∈ R

I1×I2×I3 of an (unstructured) third-order tensor A ∈ R
I1×I2×I3 . Â

has to minimize the least-squares cost function F : RI1×I2×I3 → R,

(2.1) F : Â 	→ ‖A− Â‖ 2,

under the constraints rank1(Â) ≤ R1, rank2(Â) ≤ R2, rank3(Â) ≤ R3, where rankn(.)
stands for the mode-n rank.
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Instead of minimizing the cost function (2.1) we will solve the equivalent problem
(see [13]) of maximizing the function g : St(R1, I1)× St(R2, I2)× St(R3, I3) → R,

(2.2) g : (U, V, W) 	→ ‖A •1 UT •2 VT •3 WT ‖ 2

over the columnwise orthonormal matrices U,V, and W. It is sufficient to determine
U, V, and W in order to optimize (2.1). Knowing these matrices, the optimal tensor
Â is computed as

(2.3) Â = B •1 U •2 V •3 W,

where B ∈ R
R1×R2×R3 is given by

B = A •1 UT •2 VT •3 WT .

2.3. HOSVD. For matrices, the solution of the best low rank approximation
problem is given by the truncated SVD. The HOSVD [12, 46, 47] is a generalization
of SVD to higher-order tensors. It decomposes a tensor A ∈ R

I1×I2×I3 as a product of
a so-called core tensor S ∈ R

I1×I2×I3 and three orthogonal matricesU(i) ∈ R
Ii×Ii , i =

1, 2, 3, i.e.,

A = S •1 U(1) •2 U(2) •3 U(3) .

In general, it is impossible to obtain a diagonal core tensor. However, the core tensor
has certain properties implying a diagonal matrix in the second order case.

Computing HOSVD is straightforward. The singular matrices U(i), i = 1, 2, 3,
are obtained as the matrices of left singular vectors of the matrix representations
A(i), i = 1, 2, 3. The core tensor is computed as

S = A •1 U(1)T •2 U(2)T •3 U(3)T .

Unfortunately, in general, truncated HOSVD gives a suboptimal solution of (2.1).
However, it is often a good starting value for iterative algorithms.

2.4. HOOI. The HOOI [13, 27, 28] is an alternating least-squares algorithm
for finding the best rank-(R1, R2, R3) approximation of a tensor. The initial matrices
U0, V0, W0 are taken from the truncated HOSVD. At each step, one of the matrices
U,V,W in (2.2) is updated, while the other two are kept constant. One cycles through
updates of U,V,W in an alternating manner. In order to optimize U, the left R1-
dimensional dominant subspace of A(1)(V ⊗ W) has to be computed. Updates of
V and W are obtained in a similar way. The convergence rate of HOOI is at most
linear.

3. Riemannian trust-region scheme. In this section, we recall the idea be-
hind trust-region methods. We consider cost functions in R

n, then move to a general
Euclidean space, and finally to the more general case of a Riemannian manifold.

The trust-region method (see [9, 34]) is an iterative method for minimizing a cost
function. At each iteration step a quadratic model of the cost function is obtained.
This model is assumed to be adequate in a region (the trust-region) around the current
iterate. Then an update is computed as the minimizer of the model in the trust region.
The quality of the updated iterate is evaluated; it is consequently accepted or rejected,
and the trust-region radius is adjusted.
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3.1. Basic trust-region method. In R
n, given f : Rn → R, the trust-region

subproblem for finding the update η ∈ R
n for the current iterate xk ∈ R

n is given by

min
η∈Rn

m(η), m(η) = f(xk) + ∂f(xk)η +
1

2
ηT ∂2f(xk)η, ‖η‖ ≤ Δk,

where ∂f(xk) is the gradient row vector of the first partial derivatives of f(xk),
∂2f(xk) is the Hessian matrix of the second partial derivatives of f(xk), and Δk

is the trust-region radius. The quality of the model m is evaluated by means of the
quotient

(3.1) ρ =
f(xk)− f(xk + η)

m(0)−m(η)
.

If ρ is close to 0 or negative, then the model is very inaccurate; i.e., the step must be
rejected, and the trust-region radius must be reduced. If ρ is larger but still small, the
step is accepted, and the trust-region radius is reduced. Finally, if ρ is close to 1, then
there is a good correspondence between the model and the cost function; the step is
accepted, and the trust-region radius can be increased.

In a Euclidean space E, if f : E → R and 〈·, ·〉 is the inner product in E, then
the trust-region subproblem can be formulated as follows without resorting to a basis
of E :

(3.2)
min
η∈E

m(η), m(η)= f(xk) + Df(xk)[η] +
1
2D

2f(xk)[η, η]

= f(xk) + 〈gradf(xk), η〉+ 1
2 〈Hessf(xk)[η], η〉, 〈η, η〉 ≤ Δ2

k,

where DF (xk)[z] denotes the directional derivative of the function F at xk in the
direction of z and gradf(xk) and Hessf(xk) stand for the gradient and the Hessian of
f at xk, respectively.

3.2. Trust-region method on a Riemannian manifold. Now let the func-
tion f be defined on a Riemannian manifold M. In this case, the trust-region subprob-
lem at a point xk ∈ M takes place on the tangent space Txk

M , which is a Euclidean
space. The update vector η ∈ Txk

M is then a tangent vector. Its direction corresponds
to the direction in which the next iterate is to be found, and its length indicates how
far in this direction to go. However, the new iterate should be on the manifold and
not on the tangent space. The actual correspondence between η and the new point on
the manifold is given through a smooth mapping, called a retraction. The retraction
at point xk is denoted by Rxk

, and its application on a vector ξ ∈ Txk
M is illustrated

in Figure 3.1. The retraction has to satisfy certain conditions as described in [3, 1],
but these conditions do not determine a unique function. The so-called exponential
map is always an option. There are, however, often computationally better choices
depending on the particular problem.

Given a cost function f : M → R and a current iterate xk ∈ M , we look for
x∗ ∈ M such that f(x∗) is minimal (see [1]). Using Rxk

, the minimization problem
for f on M is locally mapped onto a minimization problem on Txk

M for the cost

function f̂xk
: Txk

M → R:

f̂xk
: ξ 	→ f(Rxk

(ξ)).
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ξ 0xk

xk Txk
M

Rxk
(ξ) M

Fig. 3.1. Retraction Rxk .

Following (3.2), the trust-region subproblem for Txk
M becomes

min
η∈Txk

M
mxk

(η), mxk
(η) = f̂xk

(0xk
) + Df̂xk

(0xk
)[η] + 1

2D
2f̂xk

(0xk
)[η, η]

= f̂xk
(0xk

) + 〈gradf̂xk
(0xk

), η〉+ 1
2 〈Hessf̂xk

(0xk
)[η], η〉.

Alternatively [3, section 7.2.2], we could also solve

min
η∈Txk

M
mxk

(η), mxk
(η) = f(xk) + 〈gradf(xk), η〉+

1

2
〈Hessf(xk)[η], η〉 ,(3.3)

where 〈η, η〉 ≤ Δ2
k and Hessf(xk) is the Riemannian Hessian [3].

An approximate but sufficiently accurate solution to the trust-region subproblem
is given by the truncated conjugate gradient algorithm (tCG) as suggested in [43, 45].
An advantage of this algorithm is that the Hessian matrix is not required explicitly,
but only its application to a tangent vector has to be computed. This is the approach
that we will consider. We present the details of tCG in the appendix. Other possible
methods for (approximately) solving the trust-region subproblem (3.3) can be found
in [30, 9]. The candidate for the new iterate is given by

x+ = Rxk
(ηk),

where ηk is the solution of (3.3). The quotient

(3.4) ρk =
f(xk)− f(Rxk

(ηk))

mxk
(0xk

)−mxk
(ηk)

=
f̂xk

(0xk
)− f̂xk

(ηk)

mxk
(0xk

)−mxk
(ηk)

is evaluated in the same way as (3.1), the new iterate is accepted or rejected, and the
trust-region radius is updated.

Under mild conditions, the trust-region algorithm converges globally (i.e., for all
initial points) to stationary points [1]. Furthermore, since the cost function is mono-
tonically decreasing, it is expected that convergence to a local minimum is achieved
in practice. Convergence to a saddle point or a local maximum is only observed in
specially designed numerical examples.

4. Riemannian trust-region–based rank-(R1, R2, R3) approximation of
a tensor. In this section, we apply the Riemannian trust-region scheme described in
section 3 to the problem (2.2). For this purpose, we need to go through the “checklist”
in [1, section 5.1] and give closed-form expressions for all the necessary components.
Due to an invariance property of g, we consider a Riemannian quotient manifold on
which the computations take place. This will first be explained. Then we present the
closed-form expressions for the inner product on the manifold, the retraction function,
and the gradient and Hessian of the cost function, as required by [1, section 5.1]. Note
that in order to maximize g using the trust-region scheme, we, in fact, minimize the
function −g.
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4.1. The quotient manifold. For third-order tensors, the cost function g from
(2.2) can be computed as

(4.1)

g(U, V, W) = ‖A •1 UT •2 VT •3 WT ‖ 2 = ‖UTA(1)(V ⊗W)‖ 2

= ‖VTA(2)(W ⊗U)‖ 2

= ‖WTA(3)(U⊗V)‖ 2.

It is easily seen that g has the following invariance property:

g(U, V, W) = g(UQ(1), VQ(2), WQ(3)) ,

where Q(i) ∈ ORi , i = 1, 2, 3, are orthogonal matrices. It is thus advisable to work on
the manifold M = St(R1, I1)/OR1 × St(R2, I2)/OR2 × St(R3, I3)/OR3 , which can be
thought of as a product of three Grassmann manifolds. The function g has one and
only one projection g : M → R:

(4.2) g : (UOR1 , VOR2 , WOR3) 	→ g(U, V, W).

Although the elements of M are more difficult to comprehend because they are equiv-
alence classes of matrices, simplifications in the formulas and better convergence re-
sults follow, which justify (4.2). It will also be useful to define an extension of g,
g̃ : RI1×R1 × R

I2×R2 × R
I3×R3 → R,

g̃ : (U, V, W) 	→ ‖A •1 UT •2 VT •3 WT ‖ 2,

the domain of which is a vector space, so that all classical techniques of real analysis
are applicable. Another advantage of the latter function is that it is suitable for
computer computations since matrices are readily implemented as two-dimensional
arrays.

Even though we can work with g̃(U, V, W) as a representation of g(U, V, W),
we still have to keep in mind the structure of M . For this purpose, some additional
notions have to be taken into account (see [3] for details). For simplicity, we first
consider a manifold M1 = St(p, n)/Op. The vertical space at X ∈ St(p, n) is defined
to be the tangent space at X to the equivalence class XOp, i.e.,

VX = {XM : M = −MT ∈ R
p×p}.

The tangent space to St(p, n) at X is

TXSt(p, n) = {Ẋ : XT Ẋ+ ẊTX = 0}

= {XM+X⊥K : M = −MT ∈ R
p×p,K ∈ R

(n−p)×p},

where X⊥ is any matrix such that
[
X X⊥

]
∈ On. Let Ẋ1, Ẋ2 ∈ TXSt(p, n). We

define an inner product on TXSt(p, n) in the following way:

〈Ẋ1, Ẋ2〉X = trace(ẊT
1 Ẋ2).

We choose the horizontal space at X to be the orthogonal complement of the vertical
space in TXSt(p, n):
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HX = {X⊥K : K ∈ R
(n−p)×p}.

Given ZXOp ∈ TXOpM1, there exists a unique ZX ∈ HX, such that Dπ(X)[ZX] =
ZXOp , where

π :St(p, n)→M1

X 	→XOp

is the quotient map. ZX is termed the horizontal lift of ZXOp at X. It can be shown

that ZXQ = ZXQ for all Q ∈ Op. Observe that 〈Z(1)

XQ,Z
(2)

XQ〉 = 〈Z(1)

X ,Z
(2)

X 〉; hence
〈〈Z(1)

XOp
,Z

(2)
XOp

〉〉 = 〈Z(1)

X ,Z
(2)

X 〉 is a well-defined inner product on TXOpM1. Finally,
the orthogonal projection onto the horizontal space at X is given by

(4.3) PX(Ẋ) = (I−XXT )Ẋ.

The elements of the vertical space can be thought of as variations that do not modify
the column space of X, whereas the elements of the horizontal space, applied to X,
modify the span of X. The projection (4.3) reflects the fact that only variations of
X that are orthogonal to the column space of X are important. Any other variations
are irrelevant, since they are variations in the same equivalence class, so they do not
affect points in St(p, n)/Op.

For the more general manifold M , we apply the following orthogonal projection:

(4.4) P(U,V,W)(U̇, V̇,Ẇ) = ((I−UUT )U̇, (I−VVT )V̇, (I−WWT )Ẇ).

The inner product on the horizontal space H(U,V,W) is then defined as the sum of
the inner products of its components. A retraction R defines a unique point on the
manifold corresponding to a given tangent vector (ZUOR1

,ZVOR2
,ZWOR3

) at a point
(UOR1 ,VOR2 ,WOR3). We use the following definition [3, section 4.1.2]:

(4.5)
R(UOR1 ,VOR2 ,WOR3)

(ZUOR1
,ZVOR2

,ZWOR3
)

= (qf(U+ ZU)OR1 , qf(V + ZV)OR2 , qf(W + ZW)OR3),

where qf denotes the Q factor of the thin QR decomposition [18]. As mentioned in
the previous section, other possibilities exist for the retraction function. However,
our choice is computationally efficient and motivated by the fact that we are only
interested in column spaces of the matrices U,V, and W and not in their actual
values.

Finally, closed-form expressions for the gradient grad g and the Hessian Hess g are
obtained in the next two subsections.

From now on, we abuse notation and use g for g, X for XOp, ZX for ZX, and 〈·, ·〉
for 〈〈·, ·〉〉. This is admissible since g(XOp) = g(X) and 〈〈Z(1)

XOp
,Z

(2)
XOp

〉〉 = 〈Z(1)

X ,Z
(2)

X 〉.

4.2. Computation of the gradient. We have the following link between the
gradient of g and the gradient of g̃ [3, equation (3.39)]:

(4.6) gradg(U,V,W) = P(U,V,W)gradg̃(U,V,W),
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where P(U,V,W)(ZU,ZV,ZW) projects the columns of ZU,ZV, and ZW onto the
orthogonal complements of the column spaces of U,V, and W, respectively. Next,
based on (4.1), we derive the differential of g̃ as

Dg̃(U,V,W)[(ZU,ZV,ZW)] = 2trace(ZT
U A(1)(V ⊗W)(V ⊗W)T (A(1))

TU)

+ 2trace(ZT
V A(2)(W ⊗U)(W ⊗U)T (A(2))

TV)

+ 2trace(ZT
W A(3)(U⊗V)(U ⊗V)T (A(3))

TW).

The formula for the gradient of g̃ follows directly from the latter expression,
namely,

(4.7)

gradg̃(U,V,W) = (gradUg̃, gradVg̃, gradWg̃)

= (2A(1)(V ⊗W)(V ⊗W)T (A(1))
TU,

2A(2)(W ⊗U)(W ⊗U)T (A(2))
TV,

2A(3)(U⊗V)(U ⊗V)T (A(3))
TW).

Combining (4.6), (4.4), and (4.7), a closed-form expression for the gradient of g is
obtained.

4.3. Computation of the Hessian. A starting point for computing the Hes-
sian of g is the following formula [3, equation (7.2) and Proposition 5.3.4]:
(4.8)
Hess g(U,V,W)[(ZU,ZV,ZW)] = P(U,V,W)D(gradg)(U,V,W)[(ZU,ZV,ZW)].

Taking into account (4.6) and (4.4), we can transform the first component of
D(gradg)(U,V,W)[(ZU,ZV,ZW)] to

D((I−UUT )gradUg̃)(U,V,W)[(ZU,ZV,ZW)]

= D(gradUg̃)(U,V,W)[(ZU,ZV,ZW)]−D(UUT gradUg̃)(U,V,W)[(ZU,ZV,ZW)]

= D(gradUg̃)(U,V,W)[(ZU,ZV,ZW)]− ZUUT gradUg̃(U,V,W)

−UD{UT gradUg̃(U,V,W)}[(ZU,ZV,ZW)] .

Similar expressions are obtained for the other two components. Substituting these
expressions in (4.8), using (4.4) and the equality (I−UUT )U = 0, (4.8) is simplified to

(4.9)
Hess g(U,V,W)[(ZU,ZV,ZW)] =(
(I−UUT )

(
D(gradUg̃)(U,V,W)[(ZU,ZV,ZW)]− ZUUT gradUg̃(U,V,W)

)
,

(I−VVT )
(
D(gradVg̃)(U,V,W)[(ZU,ZV,ZW)]− ZVVT gradVg̃(U,V,W)

)
,

(I−WWT )
(
D(gradWg̃)(U,V,W)[(ZU,ZV,ZW)]− ZWWT gradWg̃(U,V,W)

))
.

The only quantities in (4.9) that still lack a closed-form expression are of the form
D(gradUg̃)(U,V,W)[(ZU,ZV,ZW)]. From (4.7) we have

D(gradUg̃)(U,V,W)[(ZU,ZV,ZW)] = 2A(1)(ZV ⊗W)(V ⊗W)T (A(1))
TU

+2A(1)(V ⊗ ZW)(V ⊗W)T (A(1))
TU

+2A(1)(V ⊗W)(ZV ⊗W)T (A(1))
TU

+2A(1)(V ⊗W)(V ⊗ ZW)T (A(1))
TU

+2A(1)(V ⊗W)(V ⊗W)T (A(1))
TZU .
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By analogy,

D(gradVg̃)(U,V,W)[(ZU,ZV,ZW)] = 2A(2)(ZW ⊗U)(W ⊗U)T (A(2))
TV

+2A(2)(W ⊗ ZU)(W ⊗U)T (A(2))
TV

+2A(2)(W ⊗U)(ZW ⊗U)T (A(2))
TV

+2A(2)(W ⊗U)(W ⊗ ZU)T (A(2))
TV

+2A(2)(W ⊗U)(W ⊗U)T (A(2))
TZV

and

D(gradWg̃)(U,V,W)[(ZU,ZV,ZW)] = 2A(3)(ZU ⊗V)(U ⊗V)T (A(3))
TW

+2A(3)(U ⊗ ZV)(U ⊗V)T (A(3))
TW

+2A(3)(U ⊗V)(ZU ⊗V)T (A(3))
TW

+2A(3)(U ⊗V)(U ⊗ ZV)T (A(3))
TW

+2A(3)(U ⊗V)(U ⊗V)T (A(3))
TZW .

A closed-form expression for Hess g(U,V,W)[(ZU,ZV,ZW)] is derived by substitut-
ing the last three expressions and (4.7) in (4.9).

4.4. Summary of the algorithm. In this subsection, we present a summary
of the whole algorithm and two theorems concerning its global and local convergence
properties.

In order to simplify the presentation, let X = (U,V,W) and Z = (ZU,ZV,ZW).
Note that in practice, instead of minimizing (2.1) we maximize (2.2), or even more
precisely, we minimize the function −g. The computational steps are presented in
Algorithm 1.

Based on [1, Theorems 4.4 and 4.13], we can state the following global and local
convergence theorems.

Theorem 4.1 (global convergence). Let {Xk} be a sequence of iterates Xk =
(Uk,Vk,Wk) generated by Algorithm 1, and let an iterate be accepted if ρk > ρ′ with
ρ′ ∈ (0, 14 ). Then

lim
k→∞

grad g(Xk) = 0.

In other words, the algorithm converges to stationary points. Moreover, since g is
monotonically increasing (−g is monotonically decreasing), the cost function (2.1) is
monotonically decreasing, and thus convergence to local minima of (2.1) is expected.
Convergence to saddle points or local maxima could be observed only in specially
constructed examples.

Theorem 4.2 (local convergence speed). Consider Algorithms 1–2 with retraction
R as in (4.5) and stopping criterion in Algorithm 2 (see Appendix A for Algorithm
2) as in (5.1). Let X∗ = (U∗,V∗,W∗) ∈ M be a (nondegenerate) local maximum of
g (local minimum of −g). Then there exists c > 0 such that for all sequences {Xk}
generated by the algorithm converging to X∗ there exists K > 0 such that for all
k > K,

dist(Xk+1,X
∗) ≤ c (dist(Xk,X

∗))min{θ+1,2},

with θ > 0 as in (5.1).
Note that for our numerical experiments in sections 5 and 6 we use θ = 1, which

yields quadratic convergence.
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Algorithm 1 Trust-region algorithm for minimizing (2.1).

Input: Higher-order tensor A ∈ R
I1×I2×I3 and R1, R2, R3.

Output: Projection matrices U ∈ St(R1, I1),V ∈ St(R2, I2),W ∈ St(R3, I3) such
that the rank-(R1, R2, R3) approximation Â = A•1 (UUT ) •2 (VVT ) •3 (WWT )
corresponds to a local minimum of (2.1).

1: Obtain initial iterate X0 ∈ M , e.g., using the truncated HOSVD from section 2.3.
Set initial value for Δ0.

2: for k = 0, 1, 2, . . . do
3: mXk

(Z) = −g(Xk) + 〈−grad g(Xk),Z〉+ 1
2 〈−Hess g(Xk)[Z],Z〉.

4: Solve for Zk the trust-region subproblem

min
Z∈TXk

M
mXk

(Z) subject to 〈Z,Z〉 ≤ Δ2
k.

An approximate solution is given by the tCG algorithm (Algorithm 2).
5: Form the quotient

ρk =
−g(Xk) + g(RXk

(Zk))

mXk
(0Xk

)−mXk
(Zk)

.

6: if ρk is large enough, Xk+1 = RXk
(Zk); else Xk+1 = Xk.

7: if ρk is too small, Δk+1=
1
4Δk; else if ρk is large, Δk+1= 2Δk; elseΔk+1= Δk.

8: end for
9: Set U = Uk+1, V = Vk+1, W = Wk+1.

10: The low multilinear rank approximation Â is given by

Â = A •1 (UUT ) •2 (VVT ) •3 (WWT ).

5. Comparison with HOOI. In this section, we perform numerical experi-
ments illustrating the properties of the proposed algorithm. All experiments are car-
ried out in parallel for the trust-region and HOOI algorithms. The simulations were
run using Matlab. The machine precision is approximately 2 ∗ 10−16.

5.1. Convergence speed. We start our comparison with the convergence speed
of both algorithms. HOOI has only linear convergence, whereas the local rate of con-
vergence of the trust-region–based algorithm is superlinear [1]. This improvement in
the trust-region–based algorithm is due to using second order information of the cost
function. For illustration, we considered tensors A ∈ R

20×20×20 with elements uni-
formly distributed in the interval [0, 1]. We set R1 = R2 = R3 = 5. Initial matrices
were taken from the truncated HOSVD. Then both algorithms were run until conver-
gence (‖grad g(X)‖/g(X) < 10−9) or until a maximum of 100 iterations was reached.
In Figure 5.1, the results of this experiment are shown for one representative example.
Three stages of the trust-region algorithm evolution can be distinguished. Due to a
large initial trust-region radius, a poor correspondence between the cost function and
the quadratic model was obtained for the first two updates, and as a result they were
rejected. In the plots this corresponds to constant values of the cost function and of
the relative norm of the gradient. After reducing the trust-region radius, the values
of the quotient (3.4) considerably improved, so the majority of the following steps
were successful. As a consequence, during this second phase, the value of the cost
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Fig. 5.1. Evolution of the relative norm of the gradient ‖grad g(X)‖/g(X) and the cost function

‖A − Â‖. The tensor A ∈ R
20×20×20 has elements uniformly distributed in the interval [0, 1];

R1 = R2 = R3 = 5. The starting values are taken from the truncated HOSVD.
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(a) (R1, R2, R3) = (7, 8, 9)
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(b) (R1, R2, R3) = (2, 2, 2)

Fig. 5.2. Number of iterations for HOOI and trust-region algorithms for tensors A ∈
R
10×10×10 with elements taken from a normal distribution with zero mean and unit standard de-

viation. Performed are 100 runs with initial values U0,V0, and W0 taken from the truncated
HOSVD. A run was stopped if the corresponding algorithm did not converge in 200 iterations
(‖grad g(X)‖/g(X) < 10−9).

function decreased monotonically, as can be seen from the bottom plot of Figure 5.1.
The relative norm of the gradient did not decrease monotonically because of the
complex nature of the cost function. However, its decrease is not required in order
to improve the cost function value. Finally, in the last steps, the iterates were close
enough to the solution for superlinear convergence, as can be observed in the gradient
plot.

The number of iterations necessary for the algorithms to converge is strongly
related to the convergence speed. In Figure 5.2, we compare the two algorithms for
tensors A ∈ R

10×10×10 with elements taken from a normal distribution with zero
mean and unit standard deviation and for two multilinear ranks (7, 8, 9) and (2, 2, 2),
respectively. The results shown are for 100 runs, and initial values were taken from the
truncated HOSVD. Both algorithms were run until convergence (‖grad g(X)‖/g(X) <



TRUST-REGION BEST RANK-(R1, R2, R3) APPROXIMATION 127

10−9) or until a maximum of 200 iterations was reached. The trust-region algorithm
did not reach the maximum number of iterations in either test. HOOI had three runs
in (a) and 13 runs in (b) with 200 iterations. In order to converge, the trust-region–
based algorithm tends to require less iterations than HOOI. The difference seems to
be stronger for smaller multilinear rank.

5.2. Computational cost. While the trust-region method converges faster
than HOOI, the cost for one iteration is higher than the cost for one HOOI itera-
tion, which is O(I3R+ IR4+R6) as shown in [17, 25]. For simplicity, we assume that
R1 = R2 = R3 = R and I1 = I2 = I3 = I.

In order to compute the cost for one trust-region iteration, we need to estimate
the cost of one inner tCG iteration and multiply it by the number of tCG iterations
within one trust-region step. The cost for the operations outside the inner tCG loop is
smaller and can be neglected. As we have already mentioned, using a simple retraction
as in (4.5) is in general faster than using the exponential map. However, the cost of
computing any of them is low in comparison with the computation of the Hessian,
so it can be neglected. The computationally heaviest operation in the trust-region
algorithm is the computation of the Hessian or, more precisely, the application of the
Hessian on a tangent vector. This is dominated by expressions such as A(1)(ZV⊗W).
Another representation of these expressions is (A •2 ZT

V) •3 WT = (A •3 WT ) •2 ZT
V,

which requires O(I3R) flops. Such expressions are computed in each inner iteration,
i.e., in each step of tCG. However, the products A•1UT , A•2VT , A•3WT , A•2VT •3
WT , etc., which involve only the tensor A and the matrices U,V,W and which do
not involve the components ZU,ZV,ZW of tangent vectors, can be computed at the
beginning of each trust-region step. They require O(I3R) flops. Thus, within the inner
iterations only expressions of the form (A•3WT )•2ZT

V, given A•3WT , are computed.
The cost of such an operation is only O(I2R2). Finally, the maximum number of inner
iterations per trust-region iteration is 3(I − R)R, which equals the dimension of the
manifold. This leads us to a total cost of O(I3R)+3(I−R)R∗O(I2R2) = O(I3R3) for
one trust-region step. It should be taken into account that in applications, the values
of Rn are often much smaller than the corresponding values of In. Interestingly, the
case of Nth-order tensors with N > 3 is more favorable than one would think. The
corresponding computational cost is O(INR)+N(I −R)R ∗O(I2RN−1) = O(INR+
NI3RN ). This is approximately of the same order as the cost of one HOOI iteration
O(INR+NIR2(N−1) +NR3(N−1)).

Note, however, that one can reduce the computational cost of the trust-region
algorithm without losing its fast local convergence rate. This can be done by choosing
a stopping criterion for the inner iteration (Algorithm 2) based on the gradient of the
cost function as in [1]. In this case, few inner tCG steps are taken when the outer
iterate is far away from the solution, i.e., when the gradient is large, and more inner
tCG steps are taken close to the solution. This behavior is illustrated in Figure 5.3.
The tCG inner iteration is stopped according to [1, section 3]

(5.1) ‖rj‖ ≤ ‖r0‖min(‖r0‖θ, κ),

where rj is the residual at the jth step of tCG. We chose θ = 1, which yields quadratic
convergence of the trust-region algorithm. We used this inner stopping criterion for
all our numerical experiments involving the trust-region method. For Figure 5.3, the
entries ofA ∈ R

20×20×20 are taken from a normal distribution with zero mean and unit
standard deviation. We set R1 = R2 = R3 = 2, andU0,V0, andW0 are obtained from
the truncated HOSVD. The algorithm was stopped when ‖grad g(X)‖/g(X) < 10−9.
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Fig. 5.3. Number of inner tCG steps per trust-region step. The tensor A ∈ R
20×20×20 has

elements taken from a normal distribution with zero mean and unit standard deviation; R1 = R2 =
R3 = 2 and U0,V0, and W0 are taken from the truncated HOSVD. Few tCG iterations are per-
formed in the first trust-region steps and more in the neighborhood of the solution.

Large scale problems present new types of difficulties. Since the Hessian has to be
computed (to be applied to vectors) at each step, the computational cost of the trust-
region iterates might become excessive in comparison with the lighter-weight (but
usually slower-converging) HOOI. Nontrivial modifications are necessary. An option
might be to consider a type of hierarchical Tucker format. As an initial step, the
HOSVD of the original tensor can be truncated so that the smallest mode-n singular
values be discarded. In this way, the dimensions of the original tensor are reduced
without losing much precision. As a second step, an essential low multilinear rank
approximation on the already smaller scale can be performed.

6. Comparison with Newton-type methods. Besides HOOI, Newton-type
methods for the best rank-(R1, R2, R3) approximation have appeared in the literature
[25, 17, 39]. Pure Newton methods have a local quadratic convergence rate, and their
computational cost per iteration is of the same order as the one of the trust-region
method. However, they are not globally convergent and depend strongly on the initial
values of the matrices U,V, and W. In practice, these methods might diverge. The
truncated HOSVD often gives good initial values, but sometimes these values are
not good enough. On the other hand, the trust-region method converges globally
to local optima (Theorem 4.1) except for very special examples that are artificially
constructed.

Another advantage of the trust-region method is that the cost function is mono-
tonically decreasing. This explains why convergence to saddle points or local maxima
is not observed in practice. Pure Newton methods do not distinguish between min-
ima, maxima, and saddle points. This means that if the stationary points are close to
each other, even if a relatively good starting point is chosen, these algorithms might
converge to a maximum or to a saddle point instead of to a minimum.

Quasi-Newton methods have cheaper iterations but need considerably more it-
erations in order to converge. When enhanced with an adequate globalization strat-
egy (e.g., a line-search procedure and a safeguard that ensures that the approximate
Hessian stays “safely” positive-definite), quasi-Newton methods converge globally to
stationary points of the cost function. Otherwise, they can diverge. A strength of the
trust-region over the quasi-Newton algorithms [39] is the more detailed convergence
analysis from [1].
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To illustrate the above, we considered tensors A ∈ R
20×20×20 with elements uni-

formly distributed in the interval [0, 1] and estimated their best rank-(5, 5, 5) approx-
imation. We started from values taken from the truncated HOSVD and performed 20
iterations of HOOI. Then we ran HOOI, the geometric Newton [25], and the trust-
region algorithms until convergence, with a maximum of 500 iterations. In Figure 6.1,
one example is shown where HOOI and the trust-region algorithm both converge to
a local minimum of (2.1), but the geometric Newton algorithm converges to a saddle
point. For clarity, the figure presents only the iterations in the interval [20, 100]. The
type of the end points was evaluated using the Hessian of the cost function. Cases
like this seem rather rare. Often, the Newton-type and the trust-region algorithms
perform in a similar way in the same setting, i.e., converge to a local minimum with a
similar number of iterations. In our simulations, it also happened that both types of
algorithms converged to a local minimum but that the Newton-type algorithm needed
considerably more iterations. This occurred especially when the starting point of the
Newton algorithm had an indefinite Hessian.
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Fig. 6.1. Evolution of the relative norm of the gradient ‖grad g(X)‖/g(X) and the cost function

‖A − Â‖. The tensor A ∈ R
20×20×20 has elements uniformly distributed in the interval [0, 1];

R1 = R2 = R3 = 5. The starting point of the plots is obtained by initializing with matrices taken
from the truncated HOSVD and performing 20 additional HOOI iterations.

In tests with low multilinear rank tensors affected by additive noise with a modest
signal-to-noise ratio, the performance of the Newton-type and trust-region algorithms
was similar. We considered rank-(5, 5, 5) tensors T ∈ R

20×20×20, affected by additive
noise in the following way:

(6.1) A = T /‖T ‖+ 0.1 E/‖E‖,

in which E ∈ R
20×20×20 represents noise with elements uniformly distributed in the

interval [0, 1]. The tensor T was constructed as the product of a tensor C ∈ R
5×5×5

and three matrices M(i) ∈ R
20×5, i = 1, 2, 3, all with elements uniformly distributed

in the interval [0, 1], i.e.,

T = C •1 M(1) •2 M(2) •3 M(3).
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In Figure 6.2, one representative example is given. The initial matrices U0, V0, and
W0 were taken from the truncated HOSVD and 5 additional HOOI iterations were
performed. As can be seen from the Figure 6.2, the differential-geometric Newton
method and the trust-region algorithm have similar convergence behavior, whereas
HOOI needs more but computationally less expensive iterations.
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Fig. 6.2. Evolution of the relative norm of the gradient ‖grad g(X)‖/g(X) and the cost function

‖A − Â‖. The tensor A ∈ R
20×20×20 is as in (6.1), with R1 = R2 = R3 = 5. The starting point of

the plots is obtained by initializing with matrices taken from the truncated HOSVD and performing
5 additional HOOI iterations.

We conclude this part by reporting that in our simulations the Newton methods
in [25, 17] generally behaved in the same way, although for a particular dataset the
behavior was sometimes different.

Concerning the computational time necessary for the algorithms to converge, it is
difficult to make fair comparisons. This is because the algorithms depend on various
adjustable parameters, have different stopping criteria, and may have suboptimal
implementations. The size of the problem, the required precision, and the type of
tensor to be approximated are also important factors affecting the comparisons. It
is of course possible to unify the stopping criteria and use, for example, the relative
norm of the gradient for all algorithms. However, for HOOI this would not be an
optimal strategy, since HOOI does not need the computation of the gradient in order
to converge. On the other hand, the computation of HOOI is based on SVDs, and
there is a Matlab built-in function for this purpose. This gives HOOI an advantage
over the other methods that do not use such efficient functions. We stress the fact that
our time comparisons should be interpreted as indications only. For the Newton-type
algorithms we used the code accompanying [39, 17],2,3 which also includes an HOOI
implementation. The implementation of the trust-region algorithm is based on the
GenRTR package mentioned in section 1.

We performed two types of experiments. First, we considered tensors A ∈
R

20×20×20 with elements taken from a normal distribution with zero mean and unit

2Available at http://www.mai.liu.se/∼besav/soft.html and based on the tensor toolbox
http://csmr.ca.sandia.gov/∼tgkolda/TensorToolbox/.

3We have, however, removed the printing on the screen at each iteration since this can affect
considerably the results.
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standard deviation. The imposed multilinear rank was (5, 5, 5). The initial values
U0,V0, and W0 were obtained by first computing the truncated HOSVD and then
running 20 HOOI iterations. This is done in order to obtain a good starting point,
which is necessary for the pure-Newton algorithms. The relative norm of the gra-
dient (‖grad g(X)‖/g(X)) at point (U0,V0,W0) was then around 0.01. A run was
stopped if the corresponding algorithm converged (‖grad g(X)‖/g(X) < 5 ∗ 10−13)
or reached the maximum number of iterations, which was 50 for the pure-Newton
and 300 for all other algorithms. In this experiment, the pure-Newton algorithm of-
ten reached the maximum number of iterations. The fastest was usually the trust-
region algorithm. The quasi-Newton algorithm in local coordinates was either the
second fastest or reached the maximum number of iterations. In the latter case,
the second fastest was HOOI, although it also often reached the maximal number
of iterations. The exact timings for two representative runs are given in Table 6.1.
The simulations were run on a 4-CPU PC (Intel Xeon X5355 2.66 GHz) with 12GB
RAM.

Table 6.1

Time comparisons (in seconds) for tensors A ∈ R
20×20×20 with elements taken from a normal

distribution with zero mean and unit standard deviation for all algorithms considered in this paper.
The imposed multilinear rank was (5, 5, 5). The initial values U0,V0, and W0 were obtained by
first computing the truncated HOSVD and then running 20 HOOI iterations. A run was stopped if
the corresponding algorithm converged (‖grad g(X)‖/g(X) < 5 ∗ 10−13) or reached the maximum
number of iterations, which was 50 for the pure-Newton and 300 for all other algorithms.

Algorithm Case 1 Case 2
Quasi-Newton (global coordinates) 3.8173 5.5414

Quasi-Newton (local coordinates) 1.2673 9.9610
Pure Newton (global coordinates) 9.5830 10.8236
Pure Newton (local coordinates) 6.9660 6.9954
Quasi-Newton (LBFGS) 3.1175 3.8311
HOOI 1.7641 1.8470
Trust-region 0.4100 0.4800

In the second experiment we considered tensors A ∈ R
20×20×20 with domi-

nant rank-(5, 5, 5) part. The imposed multilinear rank of the approximation was also
(5, 5, 5). The test tensors were constructed as follows:

(6.2) A = T /‖T ‖+ 0.1 E/‖E‖,

where T ∈ R
20×20×20 represents data and E ∈ R

20×20×20 represents noise. The tensor
T was built as the product of a random (5×5×5)-tensor and three random columnwise
orthonormal matrices with matching dimensions, i.e., taken equal to the Q factors of
the thin QR factorization of matrices with elements drawn from a normal distribution
with zero mean and unit standard deviation. The elements of the (5×5×5)-tensor and
of E were also drawn from a normal distribution with zero mean and unit standard
deviation. The initial matrices U0, V0, and W0 were obtained by truncating HOSVD
and performing an additional HOOI iteration. This resulted in a point at which the
relative norm of the gradient (‖grad g(X)‖/g(X)) was around 10−5. The stopping
criterion was the same as in the previous experiment. In this case, the fastest algo-
rithm was HOOI, followed by the trust-region algorithm. The third algorithm was the
quasi-Newton algorithm in local coordinates. The timings for one representative run
are given in Table 6.2. Finally, we performed the same experiment but with tensors
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Table 6.2

Time comparisons (in seconds) for tensors A ∈ R
20×20×20 and A ∈ R

100×100×100 as in (6.2)
for all algorithms considered in this paper. The imposed multilinear rank was (5, 5, 5). The initial
values U0,V0, and W0 were obtained by first computing the truncated HOSVD and then comput-
ing one additional HOOI iteration. A run was stopped if the corresponding algorithm converged
(‖grad g(X)‖/g(X) < 5 ∗ 10−13) or reached the maximum number of iterations, which was 50 for
the pure-Newton and 300 for all other algorithms.

Algorithm Case R
20×20×20 Case R

100×100×100

Quasi-Newton (global coordinates) 1.0309 76.7010
Quasi-Newton (local coordinates) 0.2853 34.8386
Pure Newton (global coordinates) 0.7813 82.2929
Pure Newton (local coordinates) 0.4328 74.4794
Quasi-Newton (LBFGS) 0.8605 6.7545
HOOI 0.0287 0.1985
Trust-region 0.1900 0.9800

A ∈ R
100×100×100. The results are given again in Table 6.2. The difference with the

previous case is that the third place here was for the limited memory quasi-Newton
algorithm. In the simulations corresponding to Table 6.2, the maximal number of
iterations was not reached by any of the algorithms.

The type of examples with random tensors can be considered as difficult, since
the structure of the original tensor does not correspond to the structure of the low
multilinear rank approximation that we are looking for. The examples with dominant
low multilinear rank where we compute approximations with the same multilinear
rank structure seem easier. A discussion on this issue can be found in [23].

7. Conclusions. We have developed a new algorithm for computing the best
rank-(R1, R2, R3) approximation of higher-order tensors. It is based on the Rieman-
nian trust-region scheme on quotient manifolds. In order to solve the trust-region
subproblems, the tCG method is applied. The algorithm converges globally to lo-
cal minima of the cost function (2.1). Its convergence rate is superlinear and even
quadratic for a suitable stopping criterion.

In comparison with the higher-order orthogonal iteration method [13], the advan-
tage of the new algorithm is its faster local convergence rate. The maximal compu-
tational cost per iteration of these two algorithms is comparable if the order of the
tensor is high or if the imposed multilinear rank is low. This is the case in many
applications. Moreover, the trust-region–based algorithm reaches its maximum num-
ber of inner iterations and hence its maximal computational cost per iteration only in
iterations close to the solution. Thus, the overall performance of the proposed method
is to be preferred in many cases.

In the literature also Newton-type methods have been presented [25, 17, 39]. In
rather difficult cases, pure Newton algorithms have problems distinguishing between
minima, maxima, and saddle points and might even diverge. The trust-region algo-
rithm overcomes these difficulties. The computational cost per iteration of the pure
Newton algorithms is of the same order as the one of the trust-region method. The
quasi-Newton algorithms have lower cost per iteration but require more iterations in
order to converge. A strength of the trust-region over the quasi-Newton algorithms is
that the trust-region algorithms have deeper convergence analysis [1].

Appendix A. Here we summarize the idea behind the tCG algorithm on tangent
spaces [1] (a generalization of the Steihaug–Toint algorithm [43, 45]) for approximately
solving the trust-region subproblem (3.3).
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Algorithm 2 Truncated CG.

Input: Function f , iterate xk, trust-region radius Δk, inner product 〈·, ·〉, gradf(xk),
and a routine for computing Hessf(xk)[·].

Output: Approximate solution η of the trust-region subproblem (3.3).
1: Set η0 = 0, r0 = gradf(xk), δ0 = −r0.
2: for j = 0, 1, 2, . . . do
3: if a stopping criterion is satisfied then
4: Return η.
5: else
6: if 〈δj ,Hessf(xk)[δj ]〉 ≤ 0 (negative curvature) then
7: Compute τ such that4

η = ηj + τδj minimizes mxk
(η) in (3.3) and satisfies 〈η, η〉 = Δ2

k.
8: Return η.
9: else

10: Set αj = 〈rj , rj〉/〈δj ,Hessf(xk)[δj ]〉.
11: Set ηj+1 = ηj + αjδj .
12: if 〈ηj+1, ηj+1〉 ≥ Δ2

k (exceeded trust region) then
13: Compute τ ≥ 0 such that η = ηj + τδj satisfies 〈η, η〉 = Δ2

k.
14: Return η.
15: else
16: Set rj+1 = rj + αjHessf(xk)[δj ].
17: Set βj+1 = 〈rj+1, rj+1〉/〈rj , rj〉.
18: Set δj+1 = −rj+1 + βj+1δj .
19: end if
20: end if
21: end if
22: end for
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