K.U.Leuven

Department of Electrical Engineering (ESAT) SISTA

Technical report 93-70

Minimal realization in the max algebra is an extended linear complementarity problem^∗

B. De Schutter and B. De Moor

December 1993

ESAT-SISTA K.U. Leuven Kardinaal Mercierlaan 94 B-3001 Leuven (Heverlee) Belgium phone: +32-16-32.17.09 (secretary) fax: +32-16-32.19.70

URL: http://www.esat.kuleuven.ac.be/sista

  ∗This report can also be downloaded via http://lcewww.et.tudelft.nl/~deschutt/pub/abstracts/
93 70 abstr.html

Minimal Realization in the Max Algebra is an Extended Linear Complementarity Problem^∗

Bart De Schutter^† and Bart De Moor^†

Abstract

In this paper we demonstrate that the minimal state space realization problem in the max algebra can be transformed into an Extended Linear Complementarity Problem (ELCP). We use an algorithm that finds all solutions of an ELCP to find all equivalent minimal state space realizations of a single input single output (SISO) discrete event system. We also give a geometrical description of the set of all minimal realizations of a SISO max-linear discrete event system.

1 Introduction

1.1 Overview

In this paper we consider discrete event systems, such as flexible manufacturing systems, subway traffic networks, parallel processing systems, telecommunication networks, etc. . Some of these systems can be described using the so called max algebra [1, 3]. We shall show that the minimal state space realization problem in the max algebra can be transformed into an Extended Linear Complementarity Problem (ELCP). The ELCP is an extension of the well-known Linear Complementarity Problem, which is one of the fundamental problems of mathematical programming. In [7] we have developed an algorithm to find all solutions of an ELCP. We shall use this algorithm to find all equivalent minimal state space realizations of a single input single output discrete event system and to give a geometrical insight in the structure of the set of all equivalent state space realizations.

Although there have been some attempts to solve this minimal realization problem [4, 11, 13] , this is – to the authors’ knowledge – the first time it is solved entirely. And it is certainly the first time that a complete description of the set of all minimal realizations of a SISO max-linear discrete event system is given.

In Section 1 of this paper we introduce the notations and some of the concepts and definitions that are used later on.

∗A short version of this paper has been published in Systems & Control Letters, vol. 25, no. 2, p. 103–111, May 1995.

†ESAT/SISTA, K.U.Leuven, Kardinaal Mercierlaan 94, B-3001 Leuven (Heverlee), Belgium, tel. 32-16-32.17.09 (secretary), fax 32-16-32.19.70, email: bart.deschutter@esat.kuleuven.ac.be, bart.demoor@esat.kuleuven.ac.be. Bart De Schutter is a research assistant with the N.F.W.O. (Belgian National Fund for Scientific Research) and Bart De Moor is a senior research associate with the N.F.W.O. This paper presents research results of the Belgian programme on interuniversity attraction poles (IUAP-50) initiated by the Belgian State, Prime Minister’s Office for Science, Technology and Culture. The scientific responsibility is assumed by its authors.

In Section 2 we propose the Extended Linear Complementarity Problem (ELCP) and describe the general solution set of this problem.

In Section 3 we show that a set of multivariate polynomial equations in the max algebra can be transformed into an ELCP.

Then we derive a lower bound for the minimal state space order of a single input single output (SISO) discrete event system in the max algebra. Finally we combine this with the results of the preceding sections to find all minimal state space realizations of a SISO discrete event system, given its Markov parameters.

We also illustrate this procedure with a few examples.

1.2 Notations and definitions

If a is a vector then a_i represents the i-th element of a. If A is an m by n matrix then the element on the i-th row and on the j-th column is denoted by a_{ij} . A^t is the transpose of A.

To select submatrices of a matrix we use the following notation:

A([i_1, i_2, . . . , i_k], [j_1, j_2, . . . , j_l]) is the k by l matrix resulting from A by eliminating all rows except for rows i_1, i_2, . . . , i_k and all columns except for columns j_1, j_2, . . . , j_l. A(i, :) is the i-th row of A and A(:, j) is the j-th column of A.

Definition 1.1 (Polyhedron) A polyhedron is the solution set of a finite system of linear inequalities.

We shall represent the set of all possible combinations of k different numbers out of the set {1, 2, . . . , n} as C^k_n. P_n is the set of all possible permutations of the set {1, 2, . . . , n}.

1.3 The max algebra

One of the mathematical tools used in this paper is the max algebra. In this introduction we only explain the notations we use to represent the max-algebraic operations and give some definitions and theorems that will be used in the remainder of this paper. A complete introduction to the max algebra can be found in [1, 3].

1.3.1 The max-algebraic operations

In this paper we use the following notations: a ⊕ b = max(a, b) and a ⊗ b = a + b. The neutral element for ⊕ in R_{max} = (R ∪ {−∞}, ⊕, ⊗) is ε = −∞. Since we use both linear algebra and max algebra in this report, we always write the ⊗ sign explicitly to avoid confusion. The max-algebraic power is defined as follows: a^{⊗k} = a ⊗ a ⊗ . . . ⊗ a

k times

and is equal to ka in linear

algebra.

E_n is the n by n identity matrix in R_{max} : e_{ij} = 0 if i = j and e_{ij} = ε if i ≠ j. The operations ⊕ and ⊗ are extended to matrices in the usual way. A^{⊗k} = A ⊗ A ⊗ . . . ⊗ A

k times . We also use the extension of the max algebra S_{max} that was introduced in [1, 9]. S_{max} is a kind of symmetrization of R_{max} . We shall restrict ourselves to the most important features of S_{max}. For a more formal derivation the interested reader is referred to [9].

There are three kinds of elements in S_{max}: the positive elements (S^⊕_{max}, this corresponds to R_{max} ), the negative elements (S^⊖_{max}) and the balanced elements (S^•_{max}). The positive and the negative elements are called signed (S^∨_{max} = S^⊕_{max} ∪ S^⊖_{max}). The ⊖ operation in S_{max} is defined as follows: a ⊖ b = a if a > b , a ⊖ b = ⊖b if a < b , a ⊖ a = a^• . If a ∈ S_{max} then it can be written as a = a^+ ⊖ a^− where a^+ is the positive part of a, a^− is the negative part of a and |a| = a^+ ⊕ a^− is the absolute value of a. There are three possible cases: if a ∈ S^⊕_{max} then a^+ = a and a^− = ε, if a ∈ S^⊖_{max} then a^+ = ε and a^− = ⊖a and if a ∈ S^•_{max} then a^+ = a^− = |a|.

Example 1.2 Let a = 3^• ∈ S^•_{max}, then a^+ = 3, a^− = 3 and |a| = 3. For b = ⊖2 ∈ S^⊖_{max} we have b^+ = ε, b^− = 2 and |b| = 2.

This symmetrization allows us to ’solve’ equations that have no solutions in R_{max} . Unfortunately we then have to introduce balances (∇) instead of equalities. Informally an ⊖ sign in a balance means that the element should be at the other side: so 3⊖3 ∇ 2 means 3 ∇ 2⊕3. If both sides of a balance are signed (positive or negative) we can replace the balance by an equality.

1.3.2 Some definitions and theorems

Definition 1.3 (Determinant) Consider a matrix A ∈ S^{n×n}_{max} . The determinant of A is defined as

det A = ⨁ σ∈P_n sgn (σ) ⊗ n⨂ i=1 a_{iσ(i)} where P_n is the set of all permutations of {1, . . . , n} , and sgn (σ) = 0 if the permutation σ is even and sgn (σ) = ⊖0 if the permutation is odd.

Definition 1.4 (Determinantal rank) Let A ∈ S^{m×n}_{max} . The determinantal rank of A, r_{det}(A), is defined as the dimension of the largest square submatrix of A the determinant of which is not balanced and not equal to ε.

Theorem 1.5 Let A ∈ S^{n×n}_{max} . The homogeneous linear balance A ⊗ x ∇ ε has a non-trivial signed solution if and only if det A ∇ ε.

Proof : See [9]. The proof given there is constructive so it can be used to find a solution.

Definition 1.6 (Characteristic equation) Let A ∈ S^{n×n}_{max} . The characteristic equation of A is defined as det(A ⊖ λ ⊗ E_n) ∇ ε.

This leads to λ^{⊗n} ⊕ n⨁ p=1 a_p ⊗ λ^{⊗n−p} ∇ ε . If we define α_p = a^+_p and β_p = a^−_p and if we move all terms with negative coefficients to the right hand side we get λ^{⊗n} ⊕ n⨁ i=1 α_i ⊗ λ^{⊗n−i} ∇ n⨁ j=1 β_j ⊗ λ^{⊗n−j} , with α_p, β_p ∈ R_{max} . In [12] Olsder defines a variant of this equation using the dominant instead of the determinant. This leads to signed coefficients: a^{Olsder}_p ∈ S^∨_{max} or α^{Olsder}_p ⊗ β^{Olsder}_p = ε with a^{Olsder}_p = a_p if a_p ∈ S^∨_{max} and |a^{Olsder}_p | ⩽ |a_p| if a_p ∈ S^•_{max}.

Theorem 1.7 (Cayley-Hamilton) In S_{max} every square matrix satisfies its characteristic equation.

Proof : See [10] and [12].

2 The Extended Linear Complementarity Problem

2.1 Problem formulation

Consider the following problem:

Given two matrices A ∈ R^{p×n} , B ∈ R^{q×n} , two column vectors c ∈ R^p , d ∈ R^q and m subsets ϕ_j of {1, 2, . . . , p}, find a vector x ∈ R^n such that m∑ j=1 ∏ i∈ϕ_j (Ax − c)_i = 0 (1)

subject to Ax ⩾ c Bx = d , or show that no such vector exists.

In [7] we have demonstrated that this problem is an extension of the Linear Complementarity Problem [2]. Therefore we call it the Extended Linear Complementarity Problem (ELCP). Equation (1) represents the complementarity condition. One possible interpretation of this condition is the following: since Ax ⩾ c, condition (1) is equivalent to ∏ i∈ϕ_j (Ax − c)_i = 0 , ∀j ∈ {1, 2, . . . , m} . (2) So we could say that each set ϕ_j corresponds to a subgroup of inequalities of Ax ⩾ c and that in each group at least one inequality should hold with equality: ∀j ∈ {1, 2, . . . , m} : ∃i ∈ ϕ_j such that (Ax − c)_i = 0 . We’ll use this interpretation in Section 3 to demonstrate that a set of multivariate polynomial equations in the max algebra can be transformed into an ELCP.

In [7] we have made a thorough study of the solution set of the ELCP and developed an algorithm to find all its solutions. We shall now state the main results of that paper.

The ELCP algorithm results in 3 sets of rays X^{cen}, X^{inf} , X^{fin} and a set Λ of pairs { X^{inf}_s , X^{fin}_s } where X^{inf}_s is a subset of X^{inf} and X^{fin}_s is a non-empty subset of X^{fin}. The solution set of the ELCP is then characterized by the following theorem:

Theorem 2.1 When X^{cen}, X^{inf} , X^{fin} and Λ are given, then x is a solution of the ELCP if and only if there exists a pair { X^{inf}_s , X^{fin}_s } ∈ Λ such that x = ∑ x_k∈X^{cen}

λ_kx_k + ∑ x_k∈X^{inf}_s

κ_kx_k + ∑ x_k∈X^{fin}_s μ_kx_k ,

with λ_k ∈ R, κ_k, μ_k ⩾ 0 and ∑ k μ_k = 1.

As a result we have that:

Corollary 2.2 The general solution set of an ELCP consists of the union of faces of a polyhedron.

3 Multivariate polynomial equations in the max algebra

Consider the following problem:

Given a set of integers {m_k} and three sets of coefficients {a_{ki}}, {b_k} and {c_{kij} } with i ∈ {1, . . . , m_k} , j ∈ {1, . . . , n} and k ∈ {1, . . . , p}, find a vector x ∈ R^n_{max} that satisfies m_k⨁ i=1 a_{ki} ⊗ n⨂ j=1 x_j^{⊗ckij} = b_k , for k = 1, 2, . . . , p , (3)

or show that no such vector x exists.

Now we demonstrate that this problem can be transformed into an ELCP: First we consider one equation of the form (3) : m_k⨁ i=1 a_{ki} ⊗ n⨂ j=1 x_j^{⊗ckij} = b_k . In linear algebra this is equivalent to the set of linear inequalities

a_{ki} + c_{ki1}x_1 + c_{ki2}x_2 + . . . + c_{kin}x_n ⩽ b_k , for i = 1, 2, . . . , m_k ,

where at least one inequality should hold with equality. If we transfer the a_{ki}’s to the right hand side and if we define d_{ki} = b_k − a_{ki}, we get the following set of a linear inequalities:

c_{ki1}x_1 + c_{ki2}x_2 + . . . + c_{kin}x_n ⩽ d_{ki} , for i = 1, 2, . . . , m_k .

If we define p matrices C_k and p column vectors d_k such that (C_k)_{ij} = c_{kij} and (d_k)_i = d_{ki}, then (3) leads to p groups of linear inequalities C_k x ⩽ d_k with in each group at least one inequality that should hold with equality.

We put all C_k’s in one large matrix A = −C_1 −C_2 . . −C_p and all d_k’s in one vector c = −d_1 −d_2 . . −d_p .

We also define p sets ϕ_j such that ϕ_j = {s_j +1, s_j +2, . . . , s_j +m_j} , for j = 1, 2, . . . , p , where s_1 = 0 and s_{j+1} = s_j + m_j for j = 1, 2, . . . , p − 1. Our original problem (3) is then equivalent to the following ELCP:

Find a vector x ∈ R^n such that p∑ j=1 ∏ i∈ϕ_j (Ax − c)_i = 0 (4)

subject to Ax ⩾ c , or show that no such vector x exists.

This means that we can use the ELCP algorithm of [7] to find all solutions of problem (3).

For other applications of the ELCP in the max algebra and in the max/min/plus algebra the interested reader is referred to [8].

4 Minimal state space realization

4.1 Realization and minimal realization

Suppose that we have a single input single output (SISO) discrete event system that can be described by an n-th order state space model:

x[k + 1] = A ⊗ x[k] ⊕ B ⊗ u[k] (5)

y[k] = C ⊗ x[k] (6)

with A ∈ R^{n×n}_{max} , B ∈ R^{n×1}_{max} and C ∈ R^{1×n}_{max} . u is the input, y is the output and x is the state vector.

We define the unit impulse e as: e[k] = 0 if k = 0 , = ε otherwise .

If we apply a unit impulse to the system and if we assume that the initial state x[0] satisfies x[0] = ε or A ⊗ x[0] ⩽ B, we get the impulse response as the output of the system: x[1] = B , x[2] = A ⊗ B , . . . , x[k] = A^{⊗k−1} ⊗ B ⇒ y[k] = C ⊗ A^{⊗k−1} ⊗ B . (7) Let g_k = C ⊗ A^{⊗k} ⊗ B. The g_k’s are called the Markov parameters.

Let us now reverse the process: suppose that A, B and C are unknown, and that we only know the Markov parameters (e.g. from experiments – where we assume that the system is max-linear and time-invariant and that there is no noise present). How can we construct A, B and C from the g_k’s? This process is called realization. If we make the dimension of A minimal, we have a minimal realization. Although there have been some attempts to solve this problem [4, 11, 13] , this is – to the authors’ knowledge – the first time it is solved entirely. It is certainly the first time that a complete description of the set of all minimal realizations of a SISO max-linear discrete event system is given.

4.2 A lower bound for the minimal system order

In this section we present a method to find a lower bound for the minimal system order. Although we already more or less presented this technique in [6], we now explicitly prove that we indeed find a lower bound for the system order. We use the following property:

Property 4.1 Consider A ∈ S^{n×n}_{max} , B ∈ S^{n×1}_{max} and C ∈ S^{1×n}_{max}. If A satisfies an equation of the form n⨁ p=0 a_p ⊗ A^{⊗n−p} ∇ ε (8) (e.g. its characteristic equation) then the Markov parameters satisfy n⨁ p=0 a_p ⊗ g_{k+n−p} ∇ ε for k = 0 , 1, 2, . . . .

Proof : Left multiplication of (8) by C ⊗A^{⊗k} and right multiplication by B leads to n⨁ p=0 a_p ⊗ C ⊗ A^{⊗k+n−p} ⊗ B ∇ ε . Since g_k = C ⊗ A^{⊗k} ⊗ B we find that n⨁ p=0 a_p ⊗ g_{k+n−p} ∇ ε . Suppose that we have a system that can be described by (5) and (6), with unknown system matrices. If we want to find a minimal realization of this system the first question that has to be answered is that of the minimal system order.

Consider the semi-infinite Hankel matrix H = g_0 g_1 g_2 . . . g_1 g_2 g_3 . . . g_2 g_3 g_4 . . . . . . . . . ... .

As a direct consequence of Theorem 1.7 and Property 4.1 we have that the columns of H satisfy n⨁ p=0 a_p ⊗ H(:, k + n − p) ∇ ε for k = 1, 2, . . . (9)

where the coefficients a_p are the coefficients of the characteristic equation of the system matrix A. This leads to

Property 4.2 Let H_{sub,s} = H([i_1, i_2, . . . , i_s], [j + 1, j + 2, . . . , j + s]) be an s by s square submatrix of the Hankel matrix H with arbitrary row indices and consecutive column indices. If s > n then we have that det(H_{sub,s}) ∇ ε .

Proof : If A is an n by n matrix with elements in R_{max} then according to Olsder’s variant of the Cayley-Hamilton theorem [12], the coefficients in the characteristic equation of A are signed. This also means that the coefficients a_p in (9) are signed or that every balance of the form: H([i_1, i_2, . . . , i_s], [j + 1, j + 2, . . . , j + s]) ⊗ a ∇ ε with s > n, j ⩾ 0 and {i_1, i_2, . . . , i_s} ∈ C^s_∞ has a signed solution: if s = n + 1 we get the coefficients of the characteristic equation as a solution and for s > n + 1 we can always set some of the components of a equal to ε. Theorem 1.5 then leads to

det (H([i_1, i_2, . . . , i_s], [j + 1, j + 2, . . . , j + s])) ∇ ε

for s > n.

So the dimension of the largest square submatrix of H with consecutive column indices that has a non-balanced determinant will be less than or equal to n. We represent this dimension as r_{cc}(H).

Definition 4.3 (Consecutive column rank) Consider P ∈ S^{m×n}_{max} . The consecutive column rank of P , r_{cc}(P ), is the dimension of the largest square submatrix of P with consecutive column indices, the determinant of which is not balanced:

r_{cc}(P ) = max {dim(P_{sub,s}) | P_{sub,s} = P ([i_1, i_2, . . . , i_s], [j + 1, j + 2, . . . , j + s]) with 0 ⩽ s ⩽ min(m, n), 0 ⩽ j ⩽ n − s, {i_1, i_2, . . . , i_s} ∈ C^s_m and det(P_{sub,s}) ∇/ ε} . We can define the consecutive row rank of P , r_{cr}(P ), in an analogous way (in general r_{cc}(P ) ≠ r_{cr}(P )). But since we only consider symmetric matrices in this section, we only need the consecutive column rank: if H = H^t then r_{cc}(P ) = r_{cr}(P ). We have that r_{cc}(P ) ⩽ r_{det}(P ).

To find a lower bound r for the minimal system order we shall search for a relation of the form (9) among the columns of H with a minimal number of terms. This number of terms will be a first estimate for the lower bound r. Since we know that the elements of the system matrix A belong to R_{max} we shall search for coefficients a_p that correspond to a matrix with elements in R_{max} . See [6] for necessary (and sufficient) conditions for these coefficients. This leads to the following procedure: First we construct a p by q Hankel matrix

H_{p,q} = g_0 g_1 g_2 . . . g_{q−1} g_1 g_2 g_3 . . . g_q g_2 g_3 g_4 . . . g_{q+1} . . . . . . ... . . g_{p−1} g_p g_{p+1} . . . g_{p+q−2} with p and q large enough: p, q ≫ n, where n is the real (but unknown) system order. Now we try to find n and a_0, a_1, . . . , a_n such that the columns of H_{p,q} satisfy an equation of the form (9).

We start with r equal to r_{cc}(H_{p,q}). Let

H_{sub,r} = H_{p,q}([i_1, i_2, . . . , i_r], [j + 1, j + 2, . . . , j + r])

be an r by r submatrix of H_{p,q} the determinant of which is not balanced: det H_{sub,r} ∇/ ε. If we add one arbitrary row and the (j + r + 1)-st column to H_{sub,r} we get an r + 1 by r + 1 matrix H_{sub,r+1} that has a balanced determinant. So according to Theorem 1.5 the set of linear balances H_{sub,r+1} ⊗ a ∇ ε has a signed solution a = [ a_r a_{r−1} . . . a_0 ]_t . We now look for a solution a that corresponds to the characteristic equation of a matrix with elements in R_{max} (this should not necessarily be a signed solution; a signed solution would correspond to Olsder’s variant of the characteristic equation). First of all we normalize a_0 to 0 and then we check if the necessary (and sufficient) conditions for the coefficients of the characteristic equation of a matrix with elements in R_{max} (see [6]) are satisfied. If they are not satisfied we augment r and repeat the procedure.

We continue until we get the following stable relation among the columns of H_{p,q}: H_{p,q}(:, k + r) ⊕ a_1 ⊗ H_{p,q}(:, k + r − 1) ⊕ . . . ⊕ a_r ⊗ H_{p,q}(:, k) ∇ ε (10) for k ∈ {1, . . . , q − r} . Since we assume that the system can be described by (5) and (6) and that p, q ≫ n, we can always find such a stable relationship by gradually augmenting r. The r that results from this procedure is indeed a lower bound for the minimal system order, since it corresponds to the smallest number of terms in a relationship of form (9) among the columns of H_{p,q}.

4.3 Determination of the system matrices Now we have to find A ∈ R^{r×r}_{max} , B ∈ R^{r×1}_{max} and C ∈ R^{1×r}_{max} such that

C ⊗ A^{⊗k} ⊗ B = g_k , for k = 0, 1, 2, . . . . (11)

In practice it seems that we only have to take the transient behavior and the first cycles of this steady-state behavior into account. So we may limit ourselves to the first, say, N Markov parameters.

For k = 0 we get r⨁ i=1 c_i ⊗ b_i = g_0 .

For k > 0 we have that (11) is equivalent to r⨁ i=1 r⨁ j=1 t_{kij} = g_k , with t_{kij} = r⨁ i_1=1 . . . r⨁ i_{k−1}=1 c_i ⊗ a_{ii1} ⊗ a_{i1i2} ⊗ . . . ⊗ a_{ik−1j} ⊗ b_j . This can be rewritten as r⨁ i=1 r⨁ j=1 r^{k−1}⨁ l=1 c_i ⊗ r⨂ u=1 r⨂ v=1 a_{uv}^{⊗γkijluv} ⊗ b_j = g_k , where γ_{kijluv} is the number of times that a_{uv} appears in the l-th subterm of term t_{kij}. If a_{uv} doesn’t appear in that subterm we take γ_{kijluv} = 0 since we have that a^{⊗0} = 0.a = 0, the identity element for ⊗. At first sight one could think that we are then left with r^{k+1} terms. However, some of these are the same and can thus be left out. If we use the fact that ∀x, y ∈ R_{max} : x ⊗ y ⩽ x ⊗ x ⊕ y ⊗ y we can again remove many redundant terms. Then we are left with, say, w_k terms where w_k ⩽ r^{k+1}.

If we put all unknowns in one large vector x of size r(r+2) we have to solve a set of multivariate polynomial equations of the following form:

r⨁ i=1 r(r+2) ⨂ j=1 x_j^{⊗κ0ij} = g_0 w_k⨁ i=1 r(r+2) ⨂ j=1 x_j^{⊗κkij} = g_k , for k = 1 , 2 , . . . , N − 1 , and this can be transformed into an ELCP using the technique explained in Section 3. This means that in general all equivalent minimal state space realizations of a max-linear SISO system form a union of polyhedra in the x-space.

If we find a solution x we extract the elements of x and put them in the matrices A , B and C. Then we have found a minimal realization. If we don’t find a solution we have to augment r and start again. Since we assumed that the data were generated by a max-linear SISO system we shall eventually find a realization and it will be minimal.

Remark 4.4 By transforming the problem to linear algebra we have assumed that all components of A, B and C are finite. If we also want to include matrices with components equal to ε we have to take certain precautions. Normally they can be obtained by allowing some of the λ_k’s or κ_k’s to become infinite in a controlled way, since we only allow infinite components that are equal to ε = −∞; components equal to ∞ are not allowed.

Since the max operation hides small numbers from larger numbers it suffices in practice to replace negative elements that are large enough in absolute value by ε provided that there are no positive elements of the same order of magnitude. This technique will be demonstrated in Example 5.1.

4.4 Computational complexity and algorithmic aspects

The execution time and the storage space requirement of the ELCP algorithm depend on the number of equations and variables. For the minimal realization problem the number of equations and variables becomes very large as the system order rises or as the number of Markov parameters that should be considered grows. Therefore the ELCP algorithm in its present form is not suited for large systems or for systems with a long and complex transient behavior.

Moreover, we are not always interested in finding all minimal realizations. In [6] we have developed a heuristic algorithm that is relatively fast and that will in most cases find a minimal realization.

Since the method to solve the ELCP is an iterative process where in each step a new equation is taken into account, we can make use of the special structure of our problem to speed up the algorithm. To each Markov parameter there corresponds a group of linear inequalities. After each group we can test whether the impulse response of the solution up to that group matches the desired impulse response. If this is the case we don’t have to take the other groups into account, since they will automatically be satisfied. This means that we can start with a small N and gradually take more and more groups into account. We don’t have to start all over again for each new group since we can simply continue with the rays of the previous groups.

There are still some open problems. It is e.g. not clear how to determine the minimal subset of Markov parameters that is needed and how to select them. In Example 5.1 of the next section the equations for the subset {g_0, g_1, g_6, g_7, g_8} will lead to the same (right) solutions as {g_0, g_1, . . . , g_8} whereas the subset {g_0, g_1, . . . , g_7} yields some solutions with an impulse response that doesn’t coincide entirely with the desired impulse response (only the first 8 Markov parameters are exactly the same). Since we have one group of inequalities for each Markov parameter that we take into consideration and since the computational complexity grows with the number of inequalities, it is important to use as few Markov parameters as possible. The example above shows that it is not necessary to consider the entire set {g_0, g_1, . . . , g_{N−1}} to find all solutions with the desired impulse response.

5 Examples

We now illustrate the procedure to find all minimal realizations with a few examples.

Example 5.1 Here we reconsider the example of [4, 13]. We start from a system with system matrices

A = 1 −1 −2 −1 2 0 −3 1 2 , B = 0 ε ε and C = [ 0 ε ε ] .

Now we are going to construct the system matrices from the impulse response of the system. This impulse response is given by

{g_k} = 0 , 1 , 2 , 3 , 4 , 5 , 6 , 8 , 10 , 12 , 14 , . . . .

First we construct the Hankel matrix

H_{8,8} =

0 1 2 3 4 5 6 8 1 2 3 4 5 6 8 10 2 3 4 5 6 8 10 12 3 4 5 6 8 10 12 14 4 5 6 8 10 12 14 16 5 6 8 10 12 14 16 18 6 8 10 12 14 16 18 20 8 10 12 14 16 18 20 22

.

The consecutive column rank of H_{8,8} is 2. The determinant of H_{sub,2} = H_{8,8}([1, 7], [1, 2]) = [ 0 1 6 8 ] is not balanced. We add one row and one column and then we look for a solution

of the set of linear balances

0 1 2 1 2 3 6 8 10 ⊗ a_2 a_1 a_0 ∇ ε .

The solution a_0 = 0, a_1 = ⊖2, a_2 = 3 satisfies the necessary and sufficient conditions for the coefficients of the characteristic polynomial of a 2 by 2 matrix with elements in R_{max} (see [6]) since α_1 = ε and α_2 = 3 ⩽ 4 = 2 ⊗ 2 = β_1 ⊗ β_1. This solution also corresponds to a stable relation among the columns of H_{8,8}:

H_{8,8}(:, k + 2) ⊕ 3 ⊗ H_{8,8}(:, k) = 2 ⊗ H_{8,8}(:, k + 1) for k ∈ {1, 2, . . . , 6} .

Set X^{cen} X^{inf} X^{fin}

Ray x^c_1 x^c_2 x^i_1 x^i_2 x^i_3 x^i_4 x^i_5 x^i_6 x^f_1 x^f_2 a_{11} 0 0 0 0 0 0 0 0 2 1 a_{12} 0 1 0 0 0 0 0 0 0 0 a_{21} 0 -1 0 0 -1 -1 0 0 -2 -2 a_{22} 0 0 0 0 0 0 0 0 1 2 b_1 1 1 -1 0 0 1 -1 0 -2 -2 b_2 1 0 -1 -1 0 0 0 0 0 -6 c_1 -1 -1 1 0 0 -1 0 -1 -4 2 c_2 -1 0 0 0 0 0 0 0 0 0

Table 1: The rays for Example 5.1 .

s X^{inf}_s X^{fin}_s

1 {x^i_1, x^i_2} {x^f_2}

2 {x^i_1, x^i_3} {x^f_2}

3 {x^i_2, x^i_4} {x^f_2}

4 {x^i_3, x^i_4} {x^f_2}

5 {x^i_3, x^i_4} {x^f_1}

6 {x^i_3, x^i_5} {x^f_1}

7 {x^i_4, x^i_6} {x^f_1}

8 {x^i_5, x^i_6} {x^f_1}

Table 2: The pairs of subsets for Example 5.1 .

Let’s take N = 9. Using the ELCP algorithm of [7] we find the rays of Table 1 and the pairs of subsets of Table 2. If we take N > 9 we get the same result, but if we take N < 9 some combinations of the rays lead to a partial realization of the given impulse response (i.e. they only fit the first N Markov parameters). Any arbitrary minimal realization can now be expressed as

a_{11} a_{12} a_{21} a_{22} b_1 b_2 c_1 c_2

= λ_1x^c_1 + λ_2x^c_2 + κ_1x^i_1 + κ_2x^i_2 + x^f_{j1} , (12) with λ_1, λ_2 ∈ R , κ_1, κ_2 ⩾ 0 and x^i_1 , x^i_2 ∈ X^{inf}_s , x^f_{j1} ∈ X^{fin}_s for some s ∈ {1, 2, . . . , 8}. Expression (12) shows that the set of all equivalent minimal state space realizations of the given impulse response is a union of 8 unbounded polyhedra. The result of [13] A = [ 1 0 ε 2 ] , B = [ 0 −4 ] , C = [ 0 ε ] (13)

corresponds to the following combination of the central solutions and the solutions of the pair {X^{inf}_2 , X^{fin}_2 } :

(η + 2)x^c_1 + ηx^i_1 + ηx^i_3 + x^f_2

for η large enough. Then we get A = [ 1 0 −(η + 2) 2 ] , B = [ 0 −4 ] , C = [ 0 −(η + 2) ]

and as explained in Remark 4.4 we can replace −(η + 2) by ε = −∞ for η large enough since there are no positive components of the same order of magnitude as η. In fact for η → +∞ we would exactly get solution (13).

We now give another example that doesn’t satisfy the assumptions of [13], where only impulse responses that exhibit a uniformly up-terrace behavior are considered, i.e. impulse responses that consist of m sequences of length n_i such that

g_{j+1} − g_j = c_i , for j = t_i, t_i + 1, . . . , t_i + n_i − 1 and for i = 1, 2, . . . , m ,

with c_{i+1} > c_i, t_1 = 0, t_{i+1} = t_i + n_i and n_m = +∞.

Example 5.2 We start from the system (A, B, C) with

A = 3 1 0 ε 3 2 0 5 ε , B = 0 1 2 and C = [ 0 ε ε ] . (14)

The impulse response of this system is: 0 , 3 , 6 , 9 , 13 , 16 , 20 , 23 , 27 , . . . . Since there are two different alternating increments in steady state (3 and 4), we can’t use the technique of [13]. First we construct the Hankel matrix

H_{8,8} =

0 3 6 9 13 16 20 23 3 6 9 13 16 20 23 27 6 9 13 16 20 23 27 30 9 13 16 20 23 27 30 34 13 16 20 23 27 30 34 37 16 20 23 27 30 34 37 41 20 23 27 30 34 37 41 44 23 27 30 34 37 41 44 48 which has consecutive column rank 3. A 3 by 3 submatrix of H_{8,8} the determinant of which

is not balanced is H_{sub,3} = H_{8,8}([1, 3, 4], [1, 2, 3]) =

0 3 6 6 9 13 9 13 16 . The set of linear balances

0 3 6 9 3 6 9 13 6 9 13 16 9 13 16 20 ⊗ a_3 a_2 a_1 a_0 ∇ ε

has a solution

a_0 = 0, a_1 = ⊖3, a_2 = ⊖7, a_3 = 10 , (15)

that satisfies the necessary and sufficient conditions of [6] :

α_1 = ε α_2 = ε ⩽ 6 = 3 ⊗ 3 = β_1 ⊗ β_1 α_3 = 10 ⩽ 10 = 3 ⊗ 7 = β_1 ⊗ β_2 .

This solution also corresponds to a stable relation among the columns of H_{8,8}:

H_{8,8}(:, k + 3) ⊕ 10 ⊗ H_{8,8}(:, k) = 3 ⊗ H_{8,8}(:, k + 2) ⊕ 7 ⊗ H_{8,8}(:, k + 1) for k ∈ {1, 2, . . . , 5}. If we take N = 7 the ELCP algorithm yields the rays of Table 3 and the pairs of Table 4. So the set of all equivalent minimal realizations of system (14) consists of the union of 54 unbounded polyhedra.

If we take N > 7 we get the same results but for N < 7 some solutions only yield a partial realization of the given impulse response (i.e. they only fit the first N Markov parameters).

The original matrices (14) can be found as combination of the central rays and the rays of the pair {X^{inf}_{12} , X^{fin}_{12} } :

(η + 4)x^c_1 + 5x^c_2 + ηx^i_1 + (η + 7)x^i_3 + 6x^i_7 + (η + 8)x^i_{10} + (η + 2)x^i_{14} + x^f_2

for η large enough.

In [5] we solved the same example by constructing a matrix A such that the coefficients of its characteristic equation were equal to (15). There we found

A = 3 ε ε 0 ε 7 ε 0 ε , B = 0 −3 ε , C = [ 0 2 ε ] ,

which corresponds to the pair {X^{inf}_8 , X^{fin}_8 } :

(η + 7)x^c_1 + (η + 7)x^c_3 + (η + 12)x^i_1 + ηx^i_2 + (η + 10)x^i_3 + (η + 16)x^i_6+

(η + 4)x^i_7 + (η + 10)x^i_8 + (η + 12)x^i_{11} + x^f_2

with η large enough.

6 Conclusions and further research

We have shown that a set of multivariate polynomial equations in the max algebra can be transformed into an Extended Linear Complementarity Problem (ELCP). This means that we can use the ELCP algorithm of [7] to solve such a problem. We have applied this technique to find all minimal state space realizations of a single input single output discrete event system given its Markov parameters and illustrated the procedure with a few examples.

One of the main characteristics of the ELCP algorithm that was used in this paper is that it finds all solutions. For the minimal realization problem this provides a geometrical insight in all equivalent (minimal) realizations of an impulse response. On the other hand this also leads to large computation times and storage space requirements if the number of variables and equations is large. Therefore it might be interesting to develop (heuristic) algorithms that only find one solution as we have done for the minimal realization problem in [6]. Among the set of all possible realizations we could also try to find privileged realizations such as balanced or canonical realizations.

We hope to extend the method presented here to find minimal state space realizations for multiple input multiple output (MIMO) systems. The only problem there is the determination of the minimal system order. Once this is found the same technique can be used to get a minimal realization. In the future we shall therefore look for methods to get a estimate of the minimal system order of a MIMO system.

References

[1] F. Baccelli, G. Cohen, G.J. Olsder, and J.P. Quadrat, Synchronization and Linearity.

New York: John Wiley & Sons, 1992.

[2] R.W. Cottle, J.S. Pang, and R.E. Stone, The Linear Complementarity Problem. Boston:

Academic Press, 1992.

[3] R.A. Cuninghame-Green, Minimax Algebra, vol. 166 of Lecture Notes in Economics and Mathematical Systems. Berlin, Germany: Springer-Verlag, 1979.

[4] R.A. Cuninghame-Green, “Algebraic realization of discrete dynamic systems,” in Proceedings of the 1991 IFAC Workshop on Discrete Event System Theory and Applications in Manufacturing and Social Phenomena, Shenyang, China, pp. 11–15, June 1991.

[5] B. De Schutter and B. De Moor, “Minimal state space realization of SISO systems in the max algebra,” Tech. rep. 93-57, ESAT-SISTA, K.U.Leuven, Leuven, Belgium, Oct. 1993.

[6] B. De Schutter and B. De Moor, “The characteristic equation and minimal state space realization of SISO systems in the max algebra,” in 11th International Conference on Analysis and Optimization of Systems (G. Cohen and J.P. Quadrat, eds.), vol. 199 of Lecture Notes in Control and Information Sciences, pp. 273–282, Springer-Verlag, 1994.

[7] B. De Schutter and B. De Moor, “The extended linear complementarity problem,” Mathematical Programming, vol. 71, no. 3, pp. 289–325, Dec. 1995.

[8] B. De Schutter and B. De Moor, “A method to find all solutions of a system of multivariate polynomial equalities and inequalities in the max algebra,” Discrete Event Dynamic Systems: Theory and Applications, vol. 6, no. 2, pp. 115–138, Mar. 1996.

[9] S. Gaubert, Théorie des Systèmes Linéaires dans les Dioïdes. PhD thesis, Ecole Nationale Supérieure des Mines de Paris, France, July 1992.

[10] P. Moller, “Théorème de Cayley-Hamilton dans les dioïdes et application à l’étude des systèmes à événements discrets,” in Proceedings of the 7th International Conference on Analysis and Optimization of Systems (Antibes, France), vol. 83 of Lecture Notes in Control and Information Sciences, pp. 215–226, Berlin, Germany: Springer-Verlag, 1986.

[11] G.J. Olsder and R.E. de Vries, “On an analogy of minimal realizations in conventional and discrete-event dynamic systems,” in Algèbres Exotiques et Systèmes à Evénements Discrets, CNRS/CNET/INRIA Seminar, CNET, Issy-les-Moulineaux, France, pp. 193– 213, June 1987.

[12] G.J. Olsder and C. Roos, “Cramer and Cayley-Hamilton in the max algebra,” Linear Algebra and Its Applications, vol. 101, pp. 87–108, 1988.

[13] L. Wang and X. Xu, “On minimal realization of SISO DEDS over max algebra,” in Proceedings of the 2nd European Control Conference, Groningen, The Netherlands, pp. 535– 540, June 1993.

Set X^{cen} X^{inf}

Ray x^c_1 x^c_2 x^c_3 x^i_1 x^i_2 x^i_3 x^i_4 x^i_5 x^i_6 x^i_7 x^i_8 x^i_9 a_{11} 0 0 0 0 0 0 0 0 0 0 0 -1 a_{12} 0 1 -1 0 0 0 1 0 1 0 0 0 a_{13} 0 0 -1 0 0 0 0 0 0 0 0 0 a_{21} 0 -1 1 0 0 0 -1 0 -1 0 0 0 a_{22} 0 0 0 0 0 0 0 0 0 0 -1 0 a_{23} 0 -1 0 0 0 0 -1 -1 0 0 0 0 a_{31} 0 0 1 0 0 0 0 0 -1 -1 0 0 a_{32} 0 1 0 0 0 0 0 0 0 0 0 0 a_{33} 0 0 0 0 0 -1 0 0 0 0 0 0 b_1 1 0 -1 -1 0 0 0 0 1 0 0 0 b_2 1 -1 0 -1 0 0 -1 0 0 0 0 0 b_3 1 0 0 -1 -1 0 0 0 0 0 0 0 c_1 -1 0 1 1 0 0 0 0 -1 0 0 0 c_2 -1 1 0 1 0 0 1 0 0 0 0 0 c_3 -1 0 0 0 0 0 0 0 0 0 0 0

Set X^{inf} X^{fin}

Ray x^i_{10} x^i_{11} x^i_{12} x^i_{13} x^i_{14} x^i_{15} x^f_1 x^f_2 x^f_3 x^f_4 x^f_5 x^f_6 a_{11} 0 0 0 0 0 0 3 3 3 3 3 3 a_{12} 0 -1 0 0 0 0 -4 -4 -2 -3 -2 -3 a_{13} 0 0 0 0 0 0 0 0 0 0 0 0 a_{21} -1 0 0 0 0 0 9 9 9 9 9 9 a_{22} 0 0 0 0 0 0 3 3 3 3 3 3 a_{23} 0 0 0 0 0 0 6 7 5 5 6 7 a_{31} 0 0 0 0 0 0 7 6 6 7 5 5 a_{32} 0 0 0 0 0 0 0 0 0 0 0 0 a_{33} 0 0 0 0 0 0 3 3 3 3 3 3 b_1 0 0 0 -1 0 0 -5 -4 -4 -5 -3 -3 b_2 0 0 -1 0 0 0 2 2 2 2 2 2 b_3 0 0 0 0 0 0 -2 -2 0 -1 0 -1 c_1 0 0 0 0 0 -1 4 4 2 3 2 3 c_2 0 0 0 0 -1 0 -2 -3 -3 -2 -4 -4 c_3 0 0 0 0 0 0 0 0 0 0 0 0

Table 3: The rays for Example 5.2 .

s X^{inf}_s X^{fin}_s 1 {x^i_1, x^i_2, x^i_3, x^i_4, x^i_5, x^i_9, x^i_{10}} {x^f_1} 2 {x^i_1, x^i_2, x^i_3, x^i_4, x^i_5, x^i_9, x^i_{11}} {x^f_1} 3 {x^i_1, x^i_2, x^i_3, x^i_4, x^i_5, x^i_9, x^i_{13}, x^i_{15}} {x^f_4} 4 {x^i_1, x^i_2, x^i_3, x^i_4, x^i_5, x^i_{10}, x^i_{11}} {x^f_1} 5 {x^i_1, x^i_2, x^i_3, x^i_4, x^i_9, x^i_{10}, x^i_{11}, x^i_{15}} {x^f_1} 6 {x^i_1, x^i_2, x^i_3, x^i_5, x^i_9, x^i_{10}, x^i_{11}, x^i_{13}} {x^f_1} 7 {x^i_1, x^i_2, x^i_3, x^i_6, x^i_7, x^i_8, x^i_{10}} {x^f_2} 8 {x^i_1, x^i_2, x^i_3, x^i_6, x^i_7, x^i_8, x^i_{11}} {x^f_2} 9 {x^i_1, x^i_2, x^i_3, x^i_6, x^i_7, x^i_8, x^i_{12}, x^i_{14}} {x^f_6} 10 {x^i_1, x^i_2, x^i_3, x^i_6, x^i_7, x^i_{10}, x^i_{11}} {x^f_2} 11 {x^i_1, x^i_2, x^i_3, x^i_6, x^i_8, x^i_{10}, x^i_{11}, x^i_{12}} {x^f_2} 12 {x^i_1, x^i_2, x^i_3, x^i_7, x^i_8, x^i_{10}, x^i_{11}, x^i_{14}} {x^f_2} 13 {x^i_1, x^i_2, x^i_3, x^i_8, x^i_{10}, x^i_{11}, x^i_{12}, x^i_{14}} {x^f_2} 14 {x^i_1, x^i_2, x^i_3, x^i_9, x^i_{10}, x^i_{11}, x^i_{13}, x^i_{15}} {x^f_1} 15 {x^i_1, x^i_2, x^i_4, x^i_5, x^i_9, x^i_{10}, x^i_{11}} {x^f_1} 16 {x^i_1, x^i_2, x^i_6, x^i_7, x^i_8, x^i_{10}, x^i_{11}} {x^f_2} 17 {x^i_1, x^i_3, x^i_4, x^i_5, x^i_9, x^i_{10}, x^i_{11}} {x^f_1} 18 {x^i_1, x^i_3, x^i_4, x^i_5, x^i_9, x^i_{11}, x^i_{13}, x^i_{15}} {x^f_4} 19 {x^i_1, x^i_3, x^i_6, x^i_7, x^i_8, x^i_{10}, x^i_{11}} {x^f_2} 20 {x^i_1, x^i_3, x^i_6, x^i_7, x^i_8, x^i_{10}, x^i_{12}, x^i_{14}} {x^f_6} 21 {x^i_2, x^i_3, x^i_4, x^i_5, x^i_9, x^i_{10}, x^i_{11}} {x^f_1} 22 {x^i_2, x^i_3, x^i_4, x^i_5, x^i_9, x^i_{10}, x^i_{13}, x^i_{15}} {x^f_4} 23 {x^i_2, x^i_3, x^i_6, x^i_7, x^i_8, x^i_{10}, x^i_{11}} {x^f_2} 24 {x^i_2, x^i_3, x^i_6, x^i_7, x^i_8, x^i_{11}, x^i_{12}, x^i_{14}} {x^f_6} 25 {x^i_3, x^i_4, x^i_5, x^i_9, x^i_{10}, x^i_{11}, x^i_{13}} {x^f_4} 26 {x^i_3, x^i_4, x^i_5, x^i_9, x^i_{10}, x^i_{11}, x^i_{15}} {x^f_4} 27 {x^i_3, x^i_4, x^i_5, x^i_{10}, x^i_{11}, x^i_{13}, x^i_{15}} {x^f_4} s X^{inf}_s X^{fin}_s 28 {x^i_3, x^i_4, x^i_9, x^i_{10}, x^i_{11}, x^i_{13}, x^i_{15}} {x^f_4} 29 {x^i_3, x^i_5, x^i_9, x^i_{10}, x^i_{11}, x^i_{13}, x^i_{15}} {x^f_4} 30 {x^i_3, x^i_6, x^i_7, x^i_8, x^i_{10}, x^i_{11}, x^i_{12}} {x^f_6} 31 {x^i_3, x^i_6, x^i_7, x^i_8, x^i_{10}, x^i_{11}, x^i_{14}} {x^f_6} 32 {x^i_3, x^i_6, x^i_7, x^i_{10}, x^i_{11}, x^i_{12}, x^i_{14}} {x^f_6} 33 {x^i_3, x^i_6, x^i_8, x^i_{10}, x^i_{11}, x^i_{12}, x^i_{14}} {x^f_6} 34 {x^i_3, x^i_7, x^i_8, x^i_{10}, x^i_{11}, x^i_{12}, x^i_{14}} {x^f_6} 35 {x^i_4, x^i_5, x^i_6, x^i_7, x^i_8, x^i_9, x^i_{12}} {x^f_5} 36 {x^i_4, x^i_5, x^i_6, x^i_7, x^i_8, x^i_9, x^i_{13}} {x^f_3} 37 {x^i_4, x^i_5, x^i_6, x^i_7, x^i_8, x^i_9, x^i_{14}} {x^f_5} 38 {x^i_4, x^i_5, x^i_6, x^i_7, x^i_8, x^i_9, x^i_{15}} {x^f_3} 39 {x^i_4, x^i_5, x^i_6, x^i_7, x^i_8, x^i_{12}, x^i_{14}} {x^f_5} 40 {x^i_4, x^i_5, x^i_6, x^i_7, x^i_8, x^i_{13}, x^i_{15}} {x^f_3} 41 {x^i_4, x^i_5, x^i_6, x^i_7, x^i_9, x^i_{12}, x^i_{14}} {x^f_5} 42 {x^i_4, x^i_5, x^i_6, x^i_7, x^i_9, x^i_{13}, x^i_{15}} {x^f_3} 43 {x^i_4, x^i_5, x^i_6, x^i_8, x^i_9, x^i_{12}, x^i_{14}} {x^f_5} 44 {x^i_4, x^i_5, x^i_6, x^i_8, x^i_9, x^i_{13}, x^i_{14}, x^i_{15}} {x^f_3} 45 {x^i_4, x^i_5, x^i_7, x^i_8, x^i_9, x^i_{12}, x^i_{13}, x^i_{15}} {x^f_3} 46 {x^i_4, x^i_5, x^i_7, x^i_8, x^i_9, x^i_{12}, x^i_{14}} {x^f_5} 47 {x^i_4, x^i_5, x^i_8, x^i_9, x^i_{12}, x^i_{13}, x^i_{14}, x^i_{15}} {x^f_3} 48 {x^i_4, x^i_5, x^i_9, x^i_{10}, x^i_{11}, x^i_{13}, x^i_{15}} {x^f_4} 49 {x^i_4, x^i_6, x^i_7, x^i_8, x^i_9, x^i_{12}, x^i_{13}, x^i_{14}} {x^f_5} 50 {x^i_4, x^i_6, x^i_7, x^i_8, x^i_9, x^i_{13}, x^i_{15}} {x^f_3} 51 {x^i_5, x^i_6, x^i_7, x^i_8, x^i_9, x^i_{12}, x^i_{14}, x^i_{15}} {x^f_5} 52 {x^i_5, x^i_6, x^i_7, x^i_8, x^i_9, x^i_{13}, x^i_{15}} {x^f_3} 53 {x^i_6, x^i_7, x^i_8, x^i_9, x^i_{12}, x^i_{13}, x^i_{14}, x^i_{15}} {x^f_5} 54 {x^i_6, x^i_7, x^i_8, x^i_{10}, x^i_{11}, x^i_{12}, x^i_{14}} {x^f_6}

Table 4: The pairs of subsets for Example 5.2 .