K.U.Leuven

Department of Electrical Engineering (ESAT) SISTA

Technical report 97-34

The extended linear complementarity problem and its applications in the analysis and control of discrete event systems and hybrid systems^∗

B. De Schutter and B. De Moor

If you want to cite this report, please use the following reference instead: B. De Schutter and B. De Moor, “The extended linear complementarity problem and its applications in the analysis and control of discrete event systems and hybrid systems,” in Proceedings of the IEEE Singapore International Symposium on Control Theory and Applications (SISCTA’97), Singapore, pp. 394– 398, July 1997.

ESAT-SISTA K.U. Leuven Kardinaal Mercierlaan 94 B-3001 Leuven (Heverlee) Belgium phone: +32-16-32.17.09 (secretary) fax: +32-16-32.19.70

URL: http://www.esat.kuleuven.ac.be/sista

  ∗This report can also be downloaded via http://lcewww.et.tudelft.nl/~deschutt/pub/abstracts/
97 34 abstr.html

The extended linear complementarity problem and its applications in the analysis and control of discrete event systems and hybrid systems

B. De Schutter^1 B. De Moor^2 ESAT/SISTA, K.U.Leuven, Kardinaal Mercierlaan 94, B-3001 Leuven (Heverlee), Belgium tel: +32-16-32.17.99, fax: +32-16-32.19.70

bart.deschutter@esat.kuleuven.ac.be, bart.demoor@esat.kuleuven.ac.be

Abstract

In this paper we first present a mathematical programming problem, the Extended Linear Complementarity Problem (ELCP). Next we discuss how the ELCP can be used to solve some basic problems in the system theory for a class of discrete event systems that can be modeled using the max-plus algebra, which has maximization and addition as basic operations. Finally we show that the ELCP also appears in the analysis of certain classes of hybrid systems.

1. The Extended Linear Complementarity Problem

The Extended Linear Complementarity Problem (ELCP) is an extension of the Linear Complementarity Problem, which is one of the fundamental problems in mathematical programming [2]. The ELCP is defined as follows:

Given A ∈ R^{p×n} , B ∈ R^{q×n} , c ∈ R^p , d ∈ R^q and m subsets ϕ_1, ϕ_2, . . . , ϕ_m of {1, 2, . . . , p}, find x ∈ R^n such that m∑ j=1 ∏ i∈ϕ_j (Ax − c)_i = 0

subject to Ax ⩾ c and Bx = d, or show that no such x exists.

The ELCP can be considered as a system of linear equations and inequalities (Ax ⩾ c, Bx = d), where we can distinguish m groups of linear inequalities (one group for each index set ϕ_j ) such that in each group at least one inequality should hold with equality (i.e., its residue (Ax − c)_i should be equal to 0). In [4, 5] we have developed an algorithm to compute the complete solution set of an ELCP. This algorithm yields a

1Senior research assistant with the F.W.O. (Fund for Scientific Research – Flanders)

2Senior research associate with the F.W.O.

description of the solution set of an ELCP by vertices, extreme rays and a basis of the linear subspace corresponding to the largest affine subspace of the solution set. In that way it provides a geometrical insight in the solution set of the ELCP and related problems. In [4, 5] we have also shown that the general ELCP is NP-hard.

2. The Extended Linear Complementarity Problem and discrete event systems

2.1. Discrete event systems

The formulation of the ELCP arose from our work in the study of discrete event systems (DESs). Typical examples of DESs are flexible manufacturing systems, subway traffic networks, parallel processing systems, telecommunication networks and logistic systems. The class of the DESs essentially contains manmade systems that consist of a finite number of resources (e.g., machines, communications channels, or processors) that are shared by several users (e.g., product types, information packets, or jobs) all of which contribute to the achievement of some common goal (e.g., the assembly of products, the end-to-end transmission of a set of information packets, or a parallel computation).

One of the most characteristic features of a DES is that its dynamics are event-driven as opposed to timedriven: the behavior of a DES is governed by events rather than by ticks of a clock. An event corresponds to the start or the end of an activity. If we consider a production system then possible events are: the completion of a part on a machine, a machine breakdown, or a buffer becoming empty.

In general the description of the behavior of a DES leads to a model that is nonlinear in conventional algebra. However, there exists a class of DESs for which the model is “linear” when we express it in the maxplus algebra [1, 3], which has maximization and addition as basic operations. DESs that can be described by such a “linear” model are called max-linear DESs.

Loosely speaking we could say that the class of maxlinear DESs corresponds to the class of deterministic time-invariant DESs in which only synchronization and no concurrency occurs.

2.2. The max-plus algebra and max-linear DESs

The basic operations of the max-plus algebra are the maximum (represented by ⊕) and the addition (represented by ⊗): x ⊕ y = max(x, y) x ⊗ y = x + y with x, y ∈ R. The operations ⊕ and ⊗ are extended to matrices in the usual way. So if A, B ∈ R^{m×n} then we have (A ⊕ B)_{ij} = a_{ij} ⊕ b_{ij} for all i, j. If A ∈ R^{m×p} and B ∈ R^{p×n} then (A ⊗ B)_{ij} = p⨁ k=1 a_{ik} ⊗ b_{kj} for all i, j.

Let x, r ∈ R. The rth max-plus-algebraic power of x is denoted by x^{⊗r} and corresponds to rx in conventional algebra.

If we use the notation introduced above we get a model of the following form for max-linear DESs:

x(k + 1) = A ⊗ x(k) ⊕ B ⊗ u(k) (1) y(k) = C ⊗ x(k) , (2) where the vector x represents the state, u the input and y the output of the system. For a manufacturing system u(k) would typically represent the time instants at which raw material is fed to the system for the (k + 1)st time; x(k) the time instants at which the machines start processing the kth batch of intermediate products; and y(k) the time instants at which the kth batch of finished products leaves the system.

The reason for choosing the symbols ⊕ and ⊗ to represent respectively maximization and addition is that many properties from conventional linear algebra can be translated to the max-plus algebra simply by replacing + by ⊕ and × by ⊗. Note that the model (1) – (2) closely resembles the state space model for linear time-invariant discrete-time systems. This analogy between ⊕ and + and between ⊗ and × allows us to translate many concepts, properties and techniques from conventional linear algebra and linear system theory to the max-plus algebra and the system theory for max-linear DESs. However, there are also some major differences that prevent a straightforward translation of properties, concepts and algorithms from conventional linear algebra and linear system theory to maxplus algebra and max-plus-algebraic system theory for DESs.

2.3. The max-plus algebra and the ELCP Consider the following problem:

Given p_1 + p_2 positive integers m_1, m_2, . . . , m_{p1+p2} and real numbers a_{ki}, b_k and c_{kij} for k = 1, 2, . . . , p_1 + p_2, i = 1, 2, . . . , m_k and j = 1, 2, . . . , n, find x ∈ R^n such that m_k⨁

i=1 a_{ki} ⊗ n⨂ j=1 x_j^{⊗ckij} = b_k (3)

for k = 1, 2, . . . , p_1 , and m_k⨁

i=1 a_{ki} ⊗ n⨂ j=1 x_j^{⊗ckij} ⩽ b_k (4)

for k = p_1 + 1, p_1 + 2, . . . , p_1 + p_2.

We call (3) – (4) a system of multivariate max-plus-algebraic polynomial equalities and inequalities. Note that the exponents may be negative or real.

In [4, 8] we have shown that the problem of solving a system of multivariate max-plus-algebraic polynomial equalities and inequalities can be recast as an ELCP. This allows us to solve many problems in the max-plus algebra and in the system theory for max-linear DESs such as computing max-plus-algebraic matrix factorizations, computing max-plus-algebraic singular value decompositions and max-plus-algebraic QR decompositions, constructing matrices with a given max-plus-algebraic characteristic polynomial, performing state space transformations for max-linear DESs, computing minimal state space realizations of max-linear DESs, and so on [4, 6, 7]. Although the analogues of these problems in conventional linear algebra and linear system theory are easy to solve, the max-plus-algebraic problems are not that easy to solve and for almost all of them the ELCP approach is at present the only way to solve the problem.

Although the general ELCP is NP-hard we have recently developed some fast heuristic procedures (with an average execution time that is polynomial in the size of the problem) to solve some of the problems mentioned above (see [9]).

3. The Extended Linear Complementarity Problem and hybrid systems

3.1. Hybrid systems

Hybrid systems arise from the interaction between DESs and continuous-variable systems (these are systems that can be modeled using difference or differential equations). In general we could say that a hybrid system can be in one of several “regimes” whereby in each regime the behavior of the system can be described by a system of difference or differential equations — this corresponds to the continuous-variable

PSfrag replacements

Figure 1: A traffic-light-controlled intersection of two two-way streets.

Period T_1 T_2 T_3 T_4 t_0 – t_1 red green red green t_1 – t_2 green red green red t_2 – t_3 red green red green . . . . . . . . . . Table 1: The traffic light switching scheme.

aspect of the hybrid system, — and that the system switches from one regime to another due to the occurrence of events — this corresponds to the DES aspect of the hybrid system.

3.2. Traffic-light-controlled intersections Consider a single intersection of two two-way streets with controllable traffic lights on each corner (see Figure 1). There are four lanes L_1, L_2, L_3 and L_4, and on each corner of the intersection there are traffic lights (T_1, T_2, T_3 and T_4). For sake of simplicity we assume that the traffic lights can be either green or red. The average arrival rate of cars in lane L_i is λ_i. When the traffic light is green, the average departure rate in lane L_i is μ_i. Let t_0, t_1, t_2, t_3, . . . be the time instants at which the traffic lights switch from green to red or vice versa. The traffic light switching scheme is shown in Table 1. Define δ_k = t_{k+1} − t_k. Let l_i(t) be the queue length (i.e., the number of cars waiting) in lane L_i at time instant t.

Let us now write down a model that describes the evolution of the queue lengths (as continuous variables) as a function of time. This will then yield the equations that give the relation between the switching time instants and the queue lengths at the switching time instants.

Consider lane L_1. When the traffic light T_1 is red, there are arrivals at lane L_1 and no departures. As a consequence, we have

dl_1(t) dt = λ_1 (5)

for t ∈ (t_{2k}, t_{2k+1}) with k ∈ N, and

l_1(t_{2k+1}) = l_1(t_{2k}) + λ_1δ_{2k}

for k = 0, 1, 2, . . . When the traffic light T_1 is green, there are arrivals and departures at lane L_1. Since the net arrival rate is λ_1 − μ_1 and since the queue length l_1(t) cannot be negative, we have:

dl_1(t) dt = { λ_1 − μ_1 if l_1(t) > 0 0 if l_1(t) = 0 (6)

for t ∈ (t_{2k+1}, t_{2k+2}) with k ∈ N. So

l_1(t_{2k+2}) = max ( l_1(t_{2k+1}) + (λ_1 − μ_1)δ_{2k+1}, 0 ) for k = 0, 1, 2, . . . Note that we also have

l_1(t_{2k+1}) = max ( l_1(t_{2k}) + λ_1δ_{2k}, 0 ) for k = 0, 1, 2, . . . since l_1(t) ⩾ 0 for all t. We can write down similar equations for l_2(t_k), l_3(t_k ) and l_4(t_k). So if we define

x_k = [ l_1(t_k) l_2(t_k) l_3(t_k) l_4(t_k) ]_T b_1 = [ λ_1 λ_2 − μ_2 λ_3 λ_4 − μ_4 ]_T b_2 = [ λ_1 − μ_1 λ_2 λ_3 − μ_3 λ_4 ]_T , then we have

x_{2k+1} = max(x_{2k} + b_1δ_{2k}, 0) (7) x_{2k+2} = max(x_{2k+1} + b_2δ_{2k+1}, 0) (8)

for k = 0, 1, 2, . . .

The traffic-light-controlled intersection can be considered as a hybrid system with time and the queue lengths as state variables. The system can operate in two regimes characterized by differential equations of the form (5) or (6) depending on the value of a discrete control variable that can have the value “red” or “green”. The events in this hybrid system are the switchings from “red” to “green” or vice versa.

Now we show that the system (7) – (8) can be reformulated as an ELCP. First consider (7) for an arbitrary index k. This equation can be rewritten as follows:

x_{2k+1} ⩾ x_{2k} + b_1δ_{2k}

x_{2k+1} ⩾ 0 (x_{2k+1})_i = (x_{2k} + b_1δ_{2k})_i or (x_{2k+1})_i = 0 for i = 1, 2, 3, 4 ,

or equivalently

x_{2k+1} − x_{2k} − b_1δ_{2k} ⩾ 0 x_{2k+1} ⩾ 0 (x_{2k+1} − x_{2k} − b_1δ_{2k})_i (x_{2k+1})_i = 0 for all i .

Since a sum of nonnegative numbers is equal to 0 if and only if all the numbers are equal to 0, this system of equations is equivalent to:

x_{2k+1} − x_{2k} − b_1δ_{2k} ⩾ 0

x_{2k+1} ⩾ 0 4∑ i=1 (x_{2k+1} − x_{2k} − b_1δ_{2k})_i (x_{2k+1})_i = 0 .

We can repeat this reasoning for (8) and for each index k. So if we consider N switching time instants and if we define

x^∗ = [ x^T_1 x^T_2 · · · x^T_N ]_T δ^∗ = [ δ_0 δ_1 · · · δ_{N−1} ]_T , we finally get a description of the form

Ax^∗ + Bδ^∗ + c ⩾ 0 (9) x^∗ ⩾ 0 (10) (Ax^∗ + Bδ^∗ + c)^T x^∗ = 0 . (11)

It is easy to verify that the system (9) – (11) is a special case of an ELCP.

Now we can compute traffic light switching schemes that minimize objective functions such as average queue length, worst case queue length, average waiting time, and so on. Furthermore, we can impose extra conditions such as minimum and maximum durations for the green and the red time^1, maximum queue lengths^2, and so on. Define α(N) = { 0, 1, . . . , ⌊ N − 1 2 ⌋}

β(N) = { 0, 1, . . . , ⌊ N 2 ⌋ − 1 } . Using the procedure given above the extra conditions

δ_{min,r} ⩽ δ_{2k} ⩽ δ_{max,r} for k ∈ α(N) δ_{min,g} ⩽ δ_{2k+1} ⩽ δ_{max,g} for k ∈ β(N) x_k ⩽ x_{max} for k = 1, 2, . . . , N,

can be rewritten as a system of inequalities of the form Ex^∗ + Dδ^∗ + f ⩾ 0 . This finally leads to the following problem:

minimize J

1A green time that is too short is wasteful. If the red time is too long, drivers tend to believe that the signals have broken down._2

This could correspond to an upper bound on the available storage space due to the distance to the preceding junction or to the layout of the intersection.

subject to

Ax^∗ + Bδ^∗ + c ⩾ 0 (12) x^∗ ⩾ 0 (13) Ex^∗ + Dδ^∗ + f ⩾ 0 (14) (Ax^∗ + Bδ^∗ + c)^T x^∗ = 0 . (15)

Note that the system (12) – (15) is a special case of an ELCP. In order to determine the optimal traffic light switching scheme we have to minimize the objective function J over the solution set of this ELCP. The algorithm of [4, 5] to compute the solution set of a general ELCP requires exponential execution times. However, in [10] we have developed efficient methods to determine suboptimal traffic light switching schemes for the model (12) – (15).

Remark: The model we have derived is different from the models used by most other researchers due to the fact that we consider red-green cycle lengths that may vary from cycle to cycle. Furthermore, we also consider non-saturated intersections, i.e., we allow queue lengths to become equal to 0 during the green cycle. For more information on other models that describe the evolution of the queue lengths at a traffic-light-controlled intersection and on optimal traffic light control the interested reader is referred to [12, 13, 14, 16] and the references given therein. ◇

3.3. Complementary-slackness problems In [15, 17, 18] Schumacher and van der Schaft consider a class of hybrid systems — the “complementaryslackness systems” — typical examples of which are electrical networks with diodes, or mechanical systems subject to geometric inequality constraints. They develop a method to determine the uniqueness of smooth continuations and to solve the associated mode selection problem for these complementary-slackness systems. When the underlying system is a linear system, then this leads to a Linear Dynamic Complementarity Problem which can also be considered as a special case of the ELCP (see [11]).

4. Conclusions and further research

We have introduced the Extended Linear Complementarity Problem (ELCP) and indicated how it can be used in the modeling and analysis of certain classes of discrete event systems and hybrid systems. Topics for further research include: development of efficient algorithms for the special cases of the ELCP that appear in the analysis of discrete event systems and hybrid systems, investigation of the use of the ELCP to model and to analyze other classes of hybrid systems, and extension of our model for a traffic-light-controlled intersection to networks of intersections.

Acknowledgments

This research was sponsored by the Concerted Action Project of the Flemish Community, entitled “Model-based Information Processing Systems” (GOA-MIPS), by the Belgian program on interuniversity attraction poles (IUAP P4-02 and IUAP P4-24), by the ALAPEDES (“Algebraic Approach to Performance Evaluation of Discrete Event Systems”) project of the European Community Training and Mobility of Researchers Program, and by the European Commission Human Capital and Mobility Network SIMONET (“System Identification and Modelling Network”).

References

[1] F. Baccelli, G. Cohen, G.J. Olsder, and J.P. Quadrat, Synchronization and Linearity. New York: John Wiley & Sons, 1992.

[2] R.W. Cottle, J.S. Pang, and R.E. Stone, The Linear Complementarity Problem. Boston: Academic Press, 1992.

[3] R.A. Cuninghame-Green, Minimax Algebra, vol. 166 of Lecture Notes in Economics and Mathematical Systems. Berlin, Germany: Springer-Verlag, 1979.

[4] B. De Schutter, Max-Algebraic System Theory for Discrete Event Systems. PhD thesis, Faculty of Applied Sciences, K.U.Leuven, Leuven, Belgium, 1996.

[5] B. De Schutter and B. De Moor, “The extended linear complementarity problem,” Mathematical Programming, vol. 71, no. 3, pp. 289–325, Dec. 1995.

[6] B. De Schutter and B. De Moor, “Minimal realization in the max algebra is an extended linear complementarity problem,” Systems & Control Letters, vol. 25, no. 2, pp. 103–111, May 1995.

[7] B. De Schutter and B. De Moor, “State space transformations and state space realization in the max algebra,” in Proceedings of the 34th IEEE Conference on Decision and Control, New Orleans, Louisiana, pp. 891–896, Dec. 1995.

[8] B. De Schutter and B. De Moor, “A method to find all solutions of a system of multivariate polynomial equalities and inequalities in the max algebra,” Discrete Event Dynamic Systems: Theory and Applications, vol. 6, no. 2, pp. 115–138, Mar. 1996.

[9] B. De Schutter and B. De Moor, “Matrix factorization and minimal state space realization in the max-plus algebra,” Tech. rep. 96-69, ESAT-SISTA, K.U.Leuven, Leuven, Belgium, Sept. 1996. Accepted for publication in the proceedings of the 1997 American Control Conference, Albuquerque, New Mexico, USA, June 1997.

[10] B. De Schutter and B. De Moor, “Generalized linear complementarity problems and the analysis of continuously variable systems and discrete event systems,” in Proceedings of the International Workshop on Hybrid and Real-Time Systems (HART’97), Grenoble, France, vol. 1201 of Lecture Notes in Computer Science, pp. 409–414, Springer-Verlag, 1997. [11] B. De Schutter and B. De Moor, “The Linear Dynamic Complementarity Problem is a special case of the Extended Linear Complementarity Problem,” Tech. rep. 97-21, ESAT-SISTA, K.U.Leuven, Leuven, Belgium, Mar. 1997. Submitted for publication. [12] N.H. Gartner, J.D.C. Little, and H. Gabbay, “Simultaneous optimization of offsets, splits, and cycle time,” Transportation Research Record, vol. 596, pp. 6–15, 1976.

[13] D. Lin, F. Ulrich, L.L. Kinney, and K.S.P. Kumar, “Hierarchical techniques in traffic control,” in Proceedings of the IFAC/IFIP/IFORS 3rd International Symposium, pp. 163–171, 1976.

[14] E.S. Park, J.H. Lim, I.H. Suh, and Z. Bien, “Hierarchical optimal control of urban traffic networks,” International Journal of Control, vol. 40, no. 4, pp. 813–829, Oct. 1984.

[15] J.M. Schumacher, “Some modeling aspects of unilaterally constrained dynamics,” in Proceedings of the ESA International Workshop on Advanced Mathematical Methods in the Dynamics of Flexible Bodies, ESA-ESTEC, Noordwijk, The Netherlands, June 1996.

[16] M.G. Singh and H. Tamura, “Modelling and hierarchical optimization for oversaturated urban road traffic networks,” International Journal of Control, vol. 20, no. 6, pp. 913–934, 1974.

[17] A.J. van der Schaft and J.M. Schumacher, “Complementary modeling of hybrid systems,” Tech. rep. BS-R9611, CWI, Amsterdam, The Netherlands, 1996.

[18] A.J. van der Schaft and J.M. Schumacher, “Hybrid systems described by the complementarity formalism,” in Proceedings of the International Workshop on Hybrid and Real-Time Systems (HART’97), Grenoble, France, vol. 1201 of Lecture Notes in Computer Science, pp. 403–408, Springer-Verlag, 1997.