Available at

(,‘;&ﬁé"i A S PS
ELSEVIER

www.ComputerScienceWeb.com

POWERED BY SCIENCE C DIRECT"*

Signal Processing 83 (2003) 439-443

SIGINAL

PROCESSING

www.elsevier.com/locate/sigpro

Short communication

On a cepstral norm for an ARMA model and the polar plot of
the logarithm of its transfer function

Katrien De Cock®*:!, Bernard Hanzon?, Bart De Moor?®-2

2 Department of Electrical Engineering (ESAT — SCD), Research Group SISTA, Katholieke Universiteit Leuven,
Kasteelpark Arenberg 10, B-3001 Leuven-Heverlee, Belgium
b Centrum Voor Wiskunde en Informatica (CWI), P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Received 11 April 2002

Abstract

In this paper, we show that a recently defined cepstral norm for ARMA models equals, up to a constant factor, the square
root of the area enclosed by the polar plot of the logarithm of the transfer function.
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1. Introduction

Cepstral analysis is used in a variety of applica-
tions such as speech processing, radar and sonar and
fault detection in rotating machines. Another area in
which cepstra show up is that of distance measures be-
tween models and/or signals. In order to quantify the
distance between two stochastic processes, one usu-
ally relies on their second-order statistical properties
only. For requirements of invariance with respect to
the measurement scale, it is desirable that the distance
is a function of the ratio between the spectra of the
processes, i.e., of the difference between the cepstra
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[1]. One such a cepstral distance for ARMA models
was defined in [4]. It has some nice system theoretical
properties, such as its formulation in terms of the poles
and zeros [4] and its relation to the principal angles
between certain subspaces derived from the models of
the stochastic processes [2].

In this paper, we show that this distance between
two single input single output (SISO) ARMA models
with respective transfer functions Gi(z) and G»(z)
has another beautiful interpretation as the area en-
closed by the image of the unit circle produced by
log G1(z)/G2(z). The proof of this equality is com-
pletely analogous to the one of Hanzon [3], who
showed that the Hilbert—Schmidt—Hankel norm of
a stable system is equal, up to a constant factor, to
the square root of the area enclosed by the Nyquist
diagram of the transfer function.

In this paper, we consider SISO systems that are
discrete-time, linear time invariant, stable and mini-
mum phase, i.e. the poles and zeros all lie inside the
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Nomenclature

c(k) complex cepstrum of a model

||llog G|cep cepstral norm of the model with
transfer function G

5(0) curve log G(e'’), where 0 is
running from 0 to 2n

7(0) curve G(e'?), where 0 is run-
ning from 0 to 27

A(9) area enclosed by 0(6)

| H ||us Hilbert-Schmidt norm of the
Hankel matrix H

tr 4 trace of the matrix 4

|G(2)|lasu Hilbert—Schmidt-Hankel norm
of the transfer
function G(z)

unit circle. Furthermore, we assume that their transfer
function is of the form

2"+ bz 4+ b,z + b,
a4t a1zt a,

where ay,...,a,,b1,...,b, €R and n is the order of
the model. The results in this paper can be extended
to a distance measure for a set of equivalence classes
in which all transfer functions that differ only in a
constant factor, are considered to be equivalent.

The paper’s outline is as follows. In Section 2 we
discuss the cepstral distance between ARMA models
defined by Martin [4]. In Section 3 we show that the
related system norm is equal to the Hilbert—Schmidt
norm of a Hankel matrix and hence can be related to
the area enclosed by a curve in the complex plane. An
analogous interpretation for the distance between two
models is made in Section 4.

G(z)=

(1)

2. A cepstral distance between ARMA models

The definition of Martin [4] for the distance be-
tween two ARMA models is based on the power cep-
strum of the models, which is the inverse Z-transform
of the logarithm of the power spectrum. In order to
fully exploit the properties of the Z-transform, we
prefer to use the complex cepstrum instead of the
power cepstrum. Since for stable and minimum phase

models the complex cepstrum coefficients c¢(k) for
k = 0 are equal to the corresponding power cepstrum
coefficients and since the distance measure defined in
[4] is based only on the power cepstrum coefficients
for k£ > 0, we can equally well formulate the distance
measure in terms of the complex cepstrum.

The complex cepstrum c(k) of a model with trans-
fer function G(z) is the inverse Z-transform of the
logarithm of the transfer function:

o0

> e(k)z"F =log G(2),

k=—o00

where the complex logarithm of G(z) is appropriately
defined [5, pp. 495-497]. The complex cepstrum is
a real-valued function, despite its name. For stable
and minimum phase systems the complex cepstrum is
causal: ¢(k) =0, for k < 0.

We obtain the following definition for the distance
between two stable and minimum phase ARMA
models, which is equivalent to the definition by
Martin [4].

Definition 1. Given two stable and minimum phase
ARMA models of order n; and n, with transfer func-
tions G| and G, as in (1) and complex cepstra ¢ (k)
and c,(k), respectively, the distance between the mod-
els is defined as

d*(G1,Gy) =Y _ kler(k) — ea (k). )
k=1

From the results of Martin [4] it follows that the sum in
(2) converges for stable and minimum phase models.
Observe that for ARMA models with transfer function
as in (1), ¢(0) = 0, which ensures (2) to be a metric
on that class of models.

The associated cepstral norm for an ARMA model
is defined as follows.

Definition 2. Given a stable and minimum phase
ARMA model with transfer function G(z) as in (1)
and cepstrum c(k), the cepstral norm of this model is
defined as

log G2y = > _ ke(k)®. 3)
k=1
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3. The cepstral system norm and the polar plot of
log G(z)

In this section, we obtain the relation between the
system norm ||log G||cep, defined in (3), and the area
enclosed by the curve §(0) = log G(e'’) where 0 is
running from 0 to 27. This curve is indeed closed in
the complex plane due to the appropriate choice of the
complex logarithm. By the area enclosed by 4(0) we
mean the following integral:

A(5):/‘ v (4)
xt+iye

In Section 3.1 we first show that the cepstral norm
llog G||cep is equal to the Hilbert-Schmidt norm of
the Hankel matrix with the cepstrum coefficients. In
Section 3.2 we give the relation between ||log G||cep
and the area enclosed by 6(0). An example is given
in Section 3.3.

3.1. The Hilbert—Schmidt—Hankel norm for cepstra

Let c(k) denote the cepstrum coefficients of the
model with transfer function G(z) and consider the
double infinite Hankel matrix H

o1) c2) c3)
c2) c3B) 4

H=1:3) @ o5) - |BTT

The Hilbert—Schmidt norm of H is given by
|H[fs = tr HH" =~ ke(k)*.
k=1

Because the right-hand side is equal to the cepstral
system norm defined in (3), we obtain

||1Og G”gep = ”HHIz-IS
3.2. Relation to the polar plot of log G(z)
In [3] Hanzon considers the Hankel matrix with

the Markov parameters g(k) of a model without di-
rect feed-through term (i.e. g(0) = 0). The Markov

parameters form a causal sequence whose Z-transform
is equal to G(z). The Hilbert—Schmidt norm of that
Hankel matrix, i.e. the Hilbert—Schmidt—Hankel norm
of G(z), denoted by ||G(z)||usnu, is related to the
Nyquist diagram of the transfer function G(z) in the
following way:

= 1
1G@)llfisn =D _ kg(k)* = —A(),
k=1

where A(y) is the area enclosed by the curve y(0) =
G(e'), 0 €[0,2n) running from 0 to 2.

An analogous result holds for the cepstral norm de-
fined in (3).

Theorem 3. Let G(z) be the transfer function of a
stable and minimum phase ARMA model as in (1).
The cepstral norm of G(z) is then equal to

llog G|l2 = ~ 4(8), (5)

cep T

where A(S) is the area enclosed by 6(0) =log G(e'?),
0 €10,27) running from 0 to 2.

Proof. Due to the causality of c(k) the cepstral norm
of G(z) that is defined in (3), is equal to

oo

llog G2y = > ke(k)®.

k=—o00

Applying Parseval’s theorem leads to the following
line integral over the unit circle

1 d —_—
llog G2y =~ 51 § - (loe 6o G dz

1 -
=5 /&log G(z)d(log G(2)),

where 5(0) is the closed curve log G(e'’) and 0 is
running from 0 to 2z. This can further be written as

1
llog G S, = —5—

cep — o \(x_iy)d(x'*'iy)'

x+iy€od

By Stokes’ theorem this is equal to3

1
llog Gl = 5 [[ d(x = ivyder+ i)

3 The change of sign is due to the clockwise orientation of &.
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log |G(e”)]
Fig. 1. The curve §(0) = log G(¢'’), where 0 is running from
0 to 27n. The starting point is (2.0746,0) and the orientation is

indicated by the arrow. The area enclosed by 0 is 4] + 24, + 243
and this is equal to 11.19257.

which leads to

1 . .
ltog Gl = 5 [ dex—iy)dcx-+iv)

1 .
=0 //21dxdy
1
:7/-/dxdy
T

and this is (1/m)4(0). O
3.3. An example

As an example we take the fifth-order ARMA model
with poles 0.9 + 0.11, 0.2 & 0.8i and —0.95 and zeros
—0.540.821, 0.1 +0.71 and 0.92. Its transfer function
is denoted by G(z).

In Fig. 1 the curve 6(0) = log G(¢'’) corresponding
to the ARMA model is drawn. The curve starts and
ends in (2.0746,0) and its orientation is indicated by
the arrow. The area enclosed by 9 is the sum

A(8) = A, + 24, + 245

as shown in Fig. 1. The area was obtained by comput-
ing the integral in (4) numerically in Matlab, which
multiplied by 1/x resulted in 11.1925, and the formula
for the cepstral norm as a function of the poles and

zeros, described in [4], gave the same result. Note that
we do not need to identify 4;, A, and 43 in order to
calculate the area.

4. The cepstral distance between two ARMA
models as an area in the complex plane

Consider two stable and minimum phase ARMA
models of order n; and n, with transfer functions
G1(z) and G,(z) and cepstra ¢ (k) and c,(k), respec-
tively. The cepstral distance between the two models is
defined in (2) as

d(G1.Go) =Y klei(k) — ea(b).
k=1

The sequence c|(k) — c(k) (k€Z) is the in-
verse Z-transform of logGi(z) — logGy(z) =
log G1(z)/G>(z). Hence, ¢1(k) — c3(k) is the cepstrum
of the stable and minimum phase ARMA model with
transfer function G(z)/Gy(z), of order < n; + n,.
Consequently, the distance between G| and G is

2

G
log L

2 _
d (Glan)_ G2

cep

By applying (5), the distance is related to an area in
the complex plane as follows:

1
d*(Gy,Gy) = - A(d1,2),

where A(d12) is the area enclosed by d12(0) =
log G1(e%)/G,(e!?), 0 €[0,2n) running from 0 to 27.

5. Conclusions

In this paper, we have shown that the cepstral dis-
tance between two stable and minimum phase ARMA
models that was defined by Martin [4] is equal, up to
a factor 1//7, to the square root of the area enclosed
by the polar plot of the logarithm of the ratio of their
transfer functions.
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