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Stability of Coupled Local Minimizers Within the
Lagrange Programming Network Framework

Xuyang Lou and Johan A. K. Suykens, Senior Member, IEEE

Abstract—Coupled local minimizers (CLMs) turn out to be
a potential global optimization strategy to explore a search
space, avoid overfitting and produce good generalization. In this
paper, convergence properties of CLMs based on an augmented
Lagrangian function in the context of equality constrained mini-
mization, are studied. We first consider the augmented Lagrangian
by taking the objective of minimizing the average cost of an en-
semble of local minimizers subject to pairwise synchronization
constraints. Then we study an array of CLMs within the Lagrange
programming network framework and analyze the local stability
of CLMs using a linearization strategy. We further show that,
under some mild conditions, global asymptotical stability of the
unique equilibrium point of the network can be guaranteed.
Afterwards, some sufficient conditions are presented to ensure
the stability of synchronization between any two minimizers via a
directed graph method. The results show that the CLMs usually
can be synchronized if the penalty factors in the array of CLMs
are chosen large enough. It is worth pointing out that CLMs
possess the capability of global exploration in the search space
and the advantage of faster running time on convex problems in
comparison with most of the neural network approaches, which
is also illustrated through two test functions and their numerical
simulations.

Index Terms—Coupled local minimizers, Lagrange program-
ming network, augmented Lagrangian, stability, synchronization.

I. INTRODUCTION

PTIMIZATION problems are abound in many fields of
O engineering, biology, physics, chemistry and economics.
Many of them are related to the minimization of a cost func-
tion with several local optima. There are many well-developed
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methods for local optimization problems, such as steepest de-
scent, Newton’s, conjugate gradient, quasi-Newton, Levenberg-
Marquardt and sequential quadratic programming [1]-[3].

For constrained optimization problems, the augmented
Lagrangian method, which combines both the Lagrange and
the penalty methods, has been serving as a fundamental so-
lution methodology and effectively overcome the zigzagging
problems or the possible infinity problems of penalty terms
associated with the Lagrange method or the penalty method
when used alone. Recently, research on convergence properties
of augmented Lagrangian methods also has received a lot of
attention. Nguyen and Strodiot [4] proved the local conver-
gence of a modified exponential Lagrangian method. Luo et al.
[5] presented new convergence properties of the primal-dual
method based on four types of augmented Lagrangian func-
tions in the context of constrained global optimization. Li [6]
proposed an augmented Lagrange-Hopfield method based on
the augmented Lagrange method and improved Hopfield-type
neural network method in both the convergence and the solu-
tion quality in solving combinatorial optimization. Huang and
Yang [7] showed that the first-order and second-order necessary
optimality conditions of Rockafellar’s augmented Lagrangian
problems converge to those of the original problem. Hager
[8] and Yamashita [9] investigated the global convergence of
Rockafellar’s augmented Lagrangian methods for nonconvex
inequality-constrained problems.

Due to the parallel computational capacity and facilitation
through electronic hardware implementation of recurrent neural
networks, many Hopfield-type recurrent neural network models
have been proposed to resolve various kinds of optimization
problems since Tank and Hopfield’s seminal work [10], such
as linear variational inequalities [11]-[13], quadratic program-
ming problem [14], [15], and nonlinear convex programming
[16]-[20].

Among them, Zhang and Constantinides [17] proposed a
recurrent neural network based on an augmented Lagrangian
function for solving nonlinear optimization problems with
equality constraints and examined its local asymptotical sta-
bility at Karush-Kuhn-Tucker (KKT) points that correspond
to local optima under mild conditions. Xia [19] developed a
Lagrange network for nonlinear convex programming problem
with linear equality constraints and proved the global con-
vergence of the Lagrange programming networks based on a
basic Lyapunov function. In [15], Yang and Cao designed a
neural-network-based solution to the quadratic programming
problem with equality constraints. Afterwards, aiming at the
improper definition of projection operator in [15], Cheng et al.
[11] presented an improved delayed projection neural network
for solving a class of linear variational inequalities, where the
monotonicity assumption on the linear variational inequality

1549-8328/$31.00 © 2012 IEEE
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is removed. Recently, the authors in [21] introduced a simple
neural network for a class of variational inequality problems and
provided several sufficient conditions to ensure its asymptotical
stability without estimating the Lipschitz constant which was
required in [18]. To solve the nonlinear convex programming
problem with linear and nonlinear constraints, Gao proposed a
new neural network in [22], however, its stability required the
initial point lying in a convex set. To overcome this drawback,
Gao et al. presented a new neural network model for solving
constrained variational inequality problems by converting
the necessary and sufficient conditions for the solution into a
system of nonlinear projection equations [12]. Although the
achievement is rich and application of neural networks in the
field of optimization problems has proliferated in recent years,
most of these results focus on convergence of the methods
without considering the capability of global optimization.

It is well known, however that there are many optimization
problems requiring global exploration of the search space. For
example, global minimum energy conformations of a molecule
can have a dramatic effect on its activity [23]. The develop-
ment of the global optimization method, which reaches global
minima without being trapped at local minima, has been inves-
tigated extensively. Among popular methods for global explo-
ration of the search space, meta-heuristics, in which heuristics
are combined based on a very good search strategy, called di-
versification and intensification [24], [25], have received a great
deal of attention. Most meta-heuristics are multipoint optimiza-
tion methods, which use coupled multiple search points moving
stochastically. Examples of these methods include the genetic
algorithm [26], and particle swarm optimization [27]. Never-
theless, in these methods, interaction among all search points is
mainly used as the driven force, and they require a large number
of function evaluations since they are based on probabilistic
searching without the use of any gradient information. There-
fore, both of them share the disadvantage of losing diversity
once all of the search points are attracted to one search point.

In 2001, Suykens et al. proposed a new method of coupled
local minimizers (CLMs) [28], which is achieved by minimizing
the average energy cost of the ensemble, subject to synchroniza-
tion constraints between the state vectors of the individual local
minimizers. This method can be formulated as a set of coupled
Lagrange programming networks whose states exchange infor-
mation via the coupling. It has been tested with the optimization
of Lennard-Jones clusters and supervised training of neural net-
works. Recently, the method has been successfully applied to
finite element model updating using experimental modal data
[29], and shown that the global minimum is expected to be
found more easily because of the simultaneous searching and
cooperative behavior among multiple points. For more details
about the underlying principles of this method, we refer the
readers to [30]—[33]. Although some progress has been made
in global optimization problems by using CLMs, the conver-
gence of this method has not yet been established. We address
the issue in this paper by providing a theoretical analysis for the
method. To achieve this goal, a Lagrangian programming net-
work is firstly constructed based on an augmented Lagrangian
taking the objective of minimizing the average cost of an en-
semble of local minimizers subject to pairwise synchronization
constraints. Then, local stability analysis of the network is car-

ried out through linearization techniques and eigenvalue anal-
ysis. Subsequently, we show that the global convergence to a
unique optimal solution can be achieved under a mild condition.
Finally, two test functions and their numerical simulations are
provided to illustrate the effectiveness of the proposed method.

Throughout this paper, we use the following notations. R™ de-
notes the n-dimensional real space. N, £ {1,2,...,q}. 1, =
[1,1,...,1]7. 2" (AT, respectively) is the transpose of vector
z € R™ (matrix A € R™™ ™ respectively). P > 0 represents
P € R"*™ is a positive definite matrix. I,, represents the n-di-
mensional identity matrix. ||z|| is the Euclidean norm of a vector
z and || 4| denotes the spectral norm of a matrix A. For two
vectorsz € R™ and A € R”, (z,A) = z" A. diag(-) is used for
represent a block diagonal matrix. V,, f(z) and V2 f(z) denote
the gradient and Hessian of function f at z, respectively. C* is
the set of s times continuously differentiable functions. “®” de-
notes the Kronecker product.

The paper is organized as follows. In Section II, we recall the
mechanism of CLMs and construct the array of CLMs within
the Lagrange programming network framework. In Section III,
we present a basic sufficient condition for optimality of our
problem. In Section VI, we come up with some sufficient con-
ditions for local and global stability of CLMs. In Section V, we
analyze the synchronization of CLM ensemble by means of a
directed graph method. We give an extension of our main re-
sults to the nonlinear optimization problem with equality con-
straints in Section V1. In Section VII, two test functions are pre-
sented to demonstrate the performance of the results. Finally,
in Section VIII, we draw conclusions about the main contribu-
tions.

II. CoUPLED LOCAL MINIMIZERS (CLMS)

Consider the following unconstrained problem of minimiza-
tion of a twice continuously differentiable cost function
min U(z). 1
win U(2) 1)
By the steepest descent method, a simple continuous time local
optimization algorithm can be carried out for this problem: z =
—vV,U(z) with v > 0 the step size. Here, alternatively, using
the CLM scheme in [28], we aim at minimizing the average
energy cost (1)/(g) S27_, U[z")] of an ensemble consisting of ¢
local minimizers, subject to pairwise state equality constraints:

130

20t =,

mln
HeRn
subject to z(') — 1 € Ng_q, 2)

with states z(*) € R". For the ¢ — 1 equahty constraints in (2),
we introduce ¢ — 1 Lagrange multipliers A0 ¢ R, ¢ € Ng_q
and give the augmented Lagrangian:
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where 7 > 0 represents the learning rate and y; > 0 (¢ € where
Ny—1) denote the penalty factors emphasizing the importance of )
. . . . vz(l)U [Z ]
each of the soft synchronization constraints. For further analysis ,
convenience, let us rewrite (3) into a compact vector form: V,U(z) = { : J € R™,
(a)
T I 147 5 TAT Vi U [Z ]
£(Z7 A) - 5[’/ [Z]]lq + §Z G’)’o G”/OZ + A GO z, (4) é,/ — GW ® In € IRTU]X'IL(I7
where G =G @I, e Rmnlaeh)
[U [zV] z(D G., is shown at the bottom of the page, and
U(Z) = . S Rq7 zZ = : & an7 1 0 0 0
U [2)] 2% [—1 1 0 0 W
- ,\<1) 0 -1 1 0 ax(a1)
A= e RMa D, Gr=6o= : . : R ‘
,\(q 1) 0 0 -1 1
r 1 0 0 0 0 0 0 -1
-1 1 0 0 . . T -
0 -1 1 0 Remark 1: 1t is worth mentioning that G =G| ®I, has
Go=| . o C | ere@ D), full column rank n(¢ — 1), and G, is symmetric and all of its
: Do : eigenvalues are positive except that one of them equals zero.
0 0 -1 1 Hence, G., > 0.
L O 0 0 -1
G‘% =G, oI, € R74x"e III. SUFFICIENT CONDITIONS FOR OPTIMALITY

GO — GO ® In c I]—_\anxn(qfl)7

G, is shown at the bottom of the page.
From this augmented Lagrangian (4), we can derive the fol-
lowing Lagrange programming network [17]:

2 = V0L (z@'),,\(i))  iEeN,,
).‘(‘i) = Vi kL (Z(i)v)‘(i)) >

By substituting (4) into (5), one can obtain the following array

of CLMs in vector form:

Before giving our main results, we introduce the regularity
condition and second order sufficient conditions for optimality,
as a preparation for theoretical analysis.

Consider the following general nonlinear programming
problem with equality constraints:

f(®)
subject to hi(x) =04 € Ny,

) min

i €N, 1, (7

where f : R® — R, h; : R® — R, ¢ € N,,, are twice con-
tinuously differentiable functions. Define a Lagrangian L,

X _ _ H‘n R'm H
{z —_ (;—’VZU(Z)—FGWZ—FGV\), © R TR
A=Glz, Lo(x,y) = f(x) +y ' h(x), )]
BYAR mvasl 0 0 0 0
=V /T2 =72 0 0 0
0 V72 V213 =73 0 0
G‘ro = . \/ . . . S Rqu.
0 0 0 _\/FYq—Q \/’7(1—2 + \/fYq—l _\/qu—l
L0 0 0 0 — /T Nl
R 0 0 0 0
-1 71+ 7 —Y2 0 0 0
0 -2 Y2tz —73 0 0
Gy=| . : . : € R
0 0 0 —Yg—2 Yg-2t Vg1 —Yg-1
0 0 0 0 —Yg—1 Yq—1



380 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 60, NO. 2, FEBRUARY 2013

where h(x) = [h1(x), ..., hn(x)]" andy = [y1,..,¥m]
Then we have the following classical optimization results.

Definition 1 [1]: Let x* be a vector such that h(x*) =
0. We say that x* is a regular point if the gradients
Vxhi(x*),..., Vxh,(x*) are linearly independent.

Definition 2 [35]: A point x* is said to be a strict minimum
of the problem in (7) if f(x*) < f(x), Vx € N{(x*;¢) N S,
where N (x*; €) is a neighborhood of x* with the radius € > 0
and S is the feasible region of the problem.

Definition 3 [19]: A function F' : R" — R” is said to be
monotonically increasing if, for each pair of points x,y € R"

(F(x)-Fly),x-y) =0

where (-, -} denotes an inner product; F is said to be strictly
monotonically increasing if the above strict inequality holds
whenever x # y.

Proposition 1 [2]: Assume that f and & are twice continu-
ously differentiable, and let x* € R™ and y* € R™ satisfy

VxLo(x*,y") =0, VL, (x*
y I V2IL,(x",y )y >0

y*) =0, ©)

(10)

for all y # 0 with VAT (x*)y = 0. Then x* is a strict local
minimum of f subject to ~(x) = 0.

Lemma 1 [2]: Let P and @ be two symmetric matrices. As-
sume that @ is positive semidefinite and P is positive definite
on the null space of @, that is, x T Px > 0 for all x # 0 with
x| Qx = 0. Then there exists a scalar ¢ such that

P + ¢Q : positive definite, Ve > .

Now we give our sufficiency optimality condition for opti-
mality of problem (2) as follows.

Lemma 2: Letz™ be aregular point and together with its asso-
ciated Lagrange multiplier vector A* satisfies the sufficiency as-
sumptions of Proposition 1, then z* is a strict local minimum of
(U(2)) over Gz = 0, where (U(2)) = (1)/(q) 2, U],

Proof: The Lagrangian £, defined in (8) for problem (2)
is given by

Lo(z,2) = :—IIUT[Z]]LI +ATGlz

From (4), the gradient and Hessian of £(z, A) with respect to z
are
ﬁVZU(Z) + Gz + G,

VL(z, A) = (11)

V2L(z,A) = ”vQU( )+ G, (12)
where V2U(z) = dlag{Vsz[z(l ..., V2, Uz9]}.

In particular, if z* and A" satisfy the condltlons (9) and (10)
of Proposition 1, we have

V,L(z*, AF) = ”v JU(z%) + Goz® + GiAT

_v L,(z*,A*) =0,
VaL(2*, A7) = G 2° = VAL, (z*,A") = 0

(13)

On the other hand, it follows from (12) that

I20(2*) + G
q

V2L(2* \) = > 1920 (27 + 413G,
q

where 4 = min;(;), I' = diag(1/71, .
By the condition (10), we have that

VAL

2 V2L, (2" Az = L2 V2U(2Y)z > 0,  (14)
q

for all z # 0 with ZTFG-YZ = 0. By applying Lemma 1 with

P = (n)/(¢)ViU(z*) and Q@ = I'G., it follows that there

exists a scalar 4 > 0 such that

V2L(z*, A7) = LV2U(z") + G,
q

v

gViU(z*) +ATG, >0, (15)
for all 4 > ~.

Using the sufficient optimality condition for unconstrained
optimization [2], we conclude from (13) and (15), that for ¥ >
7, z* is an unconstrained local minimum of £(+, A*). In partic-
ular, there exist x > 0 and ¢ > 0 such that

L(z, A7) 2 L(z",X) + -z = 27|,

Vz Wlth |z — z*|| < e.

nK

(16)

Since for all z with G| z = G z = 0, we have C_{Tmz =0
and £(z, X") = n(U(z)), so it follows from (16) that

U) 2 W)+ 5lla—2 |’ v2 (D)
with G z* = 0, ||z — z"|| < e. Therefore, z* is a strict local
minimum of (U(z)) over G{ z = 0. O

IV. STABILITY OF CLMS

To make the array (6) of CLMs or the Lagrange programming
network (6) of practical sense, the equilibrium point (z*, A*)
should furthermore be asymptotically stable, so that the network
will always converge to (z*, A*) from an arbitrary initial point
within the attraction domain of {z*, A*). In what follows, we
shall analyze local stability and global stability of each CLM
z (i € N,) in the network (6). For further analysis conve-
nience, let us denoteu = [z7  AT]T € R*(2-1) and

19,U0(z) + Goz + GiA
q

_ (18)
—Gsz

A. Local Stability

Let us first present local stability of the network (6).

Theorem 1: Letu* = [z*T  A*']T be a stationary point of
L(z, A). Then the Lagrange programming network (6) is locally
asymptotically stable at u* for some penalty factors +; (i €
N,—1) satisfying (n)/(¢)V2U(z*) + G-, > 0, where z* is a
strict local minimum of the problem (2).
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Proof: See Appendix A.

B. Global Stability

Next, we shall carry out the global stability analysis for the
networks through the Lyapunov function method. Before doing
this, we first provide a theorem for guaranteeing the uniqueness
of the equilibrium point of the network (6).

Theorem 2: Suppose that the Hessian (1)/(q)V2U(z) + G-,
is positive definite for allz € S € R™?, where S is the desired
optimization domain, then the unique equilibrium point of the
Lagrange programming network (6) is given by

T _
€= {u - [z*T ,\*T} 1GA = v, Uu(z*) - Gﬁ,,z*} ,
q
(19)

where z* is a unique optimal solution to (2).
Proof: See Appendix B.

Theorem 3: Suppose that the Hessian (1) /(¢)V2U(z) + G-,
is positive definite for all z € & € R™, where & is the desired
optimization domain, then the Lagrange programming network
(6) is stable in the Lyapunov sense and is globally convergent
to an equilibrium point of (6), which corresponds to a unique
optimal solution of (2).

Proof: See Appendix C.

V. SYNCHRONIZATION OF CLM ENSEMBLE

In order to derive a common local minimum, the CLM should
converge to a common point so it is also necessary to ana-
lyze the synchronization of the CLM ensemble, that is, the sta-
bility of synchronization between z() and z(+1) (i € N, ).
Since all local minimizers will be synchronized together ulti-
mately, in the following, we shall generally prove the stability
of synchronization between any two minimizers z(* and z(/)
fori # j (i, § € N,) by using the directed graph method [36].

Definition 4 [36]: W, is the class of irreducible symmetric
real matrices with zero row sums and nonpositive off-diagonal
elements.

Definition 5 [36]: Given an m by m matrix V, a function
f(x) : R™ — R™ is V-uniformly decreasing if

(x—y) " V(f(x) - f(¥)) < —dlx—y|

for some ¢ > 0 and all x,y € R™,

Theorem 4: Let P(t) be an n by n time-varying matrix and
V be an n by n symmetric positive definite matrix such that
—(MNQV ey U(zD) + P(#)2 (i € N,) is V-uniformly de-
creasing. Then the network (6) synchronizes in the sense that
|z — 2| — 0ast — oo for all 4,7, which means the
asymptotical stability of synchronization between any two min-
imizers z(9) and 27 fori,j € N,,i # j has been guaranteed,
if there exists a ¢ by ¢ matrix ) in W; such that

(20)

R2(GiG]) (QeV) (-G, -L,@P[H)<0. (1)
Proof: See Appendix D.
Remark 2: Theorem 4 provides a condition of guaranteeing
the stability of synchronization among CLMs, but it is difficult
to find the matrix P(#) satisfying the conditions and inefficient

to verify the conditions at every instant in practice. However,
if the penalty factors y; (¢ € N,_1) are chosen large enough,
the CLMs usually can be synchronized. More specifically, lin-
earization of —(1)/(¢)V,h U(z®) 4+ P(£)z at 2 leads to
(M@ Vi, UD) + P(#). I P(#) < ()/(0) V3, U(2)
holds at some time, —(1)/(¢)V iy U(2™) + P(t)z{" will be
V-uniformly decreasing at this time. Meanwhile, a sufficient
condition for ensuring inequality (21) is I, ® P(t) > -G, =
—G,®1,. Therefore, if we choose 7; (¢ € N,_1) appropriately
such that

~G, 01, < gvimU (=), (22)
all coupled local minimizers will be synchronized.

Remark 3: Due to the dynamic nature and the convenient
conversion from an optimization problem to a dynamical
system, at present, several neural networks have been devel-
oped to solve optimization problems [11], [21], [22], [12]-[14],
[16]. Compared with the conventional numerical optimization
method, the neural network approach has an advantage of a low
computational complexity and faster running times thanks to
the potential of electronic implementation. Though the fruitful
achievements of neural network approaches in various kinds of
optimization problems and related applications, most of them
can be regarded as standard local optimization techniques and
lack the capability of global optimization. In order to obtain a
global optimal solution for nonconvex optimization problems,
multistart searching processes are usually needed, that is, trying
different starting points and running the processes indepen-
dently from each other and selecting the best result from all
trials. Different from neural network approaches, the CLM
method is based on a cooperative search mechanism realised
by minimizing the average cost of the population. Thanks to
the coupling mechanism, the CLMs are able to exchange in-
formation which results in a better performance than multistart
local optimization. Therefore, a global optimal solution of the
original problem can be obtained. The advantages of CLM over
several neural network approaches will be further illustrated in
the next section.

Remark 4: In [38], Hou proposed a hierarchical recurrent
neural network (LHONN) consisting of two hierarchically
structured sub-networks. The two kinds of sub-networks can
work simultaneously and the constraints of state equations are
imbedded into the lower level sub-network. Though the states
in subsystems decomposed from a large-scale system are cou-
pled with each other, the neural network approach essentially
differs from the proposed CLM scheme in three aspects. First,
each state in the subsystems is updated based on one of its
neighbors and the dynamic evolution of LHONN aims at the
control variables instead of state variables, while the dynamic
evolution of CLMs is with respect to the state variables and
the evolution of each state is not only related to its own history
but also its neighbors. Second, from the basic idea point of
view, LHONN is related to hierarchical structures and more
applicable to optimal control problems, while CLM comes
from incorporating principles of master-slave dynamics and
mainly focuses on a different and broader context of solving
differentiable optimization problems. Third, since there are
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no interactions among control variables when regarding the
control variable as decision variables in LHONN, LHONN is
actually a local optimization method while CLM can be con-
sidered as a valuable alternative that combines the advantages
of local gradient-based algorithms with global exploration.

VI. EXTENSION TO PROBLEMS WITH EQUALITY CONSTRAINTS

In this section, we shall extend our results to the nonlinear
optimization problem with equality constraints:

min

U(z), z € R"”

subject to  h(z) = 0. (23)

whereU € C?:R* =R, heC' :R* = R, m < n.
By applying the CLM scheme in Section II, the problem (23)
can be formulated as follows by introducing ¢ local minimizers:

1 ¢ ;
= Z U [z(’)} ,
153

) Z(i) — Z(H—l) = 07
subject to {h (Z(’I)) =0.

For these equality constraints, let us introduce ¢ Lagrange
multipliers A; € R",7 € Ny_1, A, € R™, and ¢ penalty factors
v; > 0,7 € N,. Then one defines the augmented Lagrangian:

c (Zm’ ,\u))
- iU+
i=1 =
(z+1)}>

+§< IZE
() [ (ot (1))

Similar to the analysis in (3)—(6), we obtain the following
Lagrange programming network

~ min
z() ER™ ieN,

1€ Ny_q, (24)

. . 2
A0 _ Z(z+1)”

+ vq

z=— <gsz(z) + Gz + Hi(z) + Hz(z)A> ,

(25)
A= H3(Z),
where
e A
7 — c R‘nq./ A= c IRTL(q—l)+m7
Z(Q) A(Q)
_ [ On(q—l)xl
M@ = | (Vh (29)) A (z@))}

Ha() = [Gf [omxn(q,l) (vz(q)h(z(@))T}T}v
Hs(z) = hquz))] '

and z, G, Gy, V,U(z) are the same with the definitions in (6).

For the stability of (25), we present the following theorem
whose proof is similar to Theorem 3, thus we omit the detailed
proof hereafter.

Theorem 5: Suppose that V,F(z,A) is positive definite
everywhere, where

Fz,\) = gvzwz) + Gz + Hi(z) + Ha(2)A,

then the Lagrange programming network (25) is stable in the
Lyapunov sense and is globally convergent to an equilibrium
point of (25), which corresponds to a unique optimal solution
of (24) or (23).

VII. ILLUSTRATIVE EXAMPLES

The theoretical results about local and global stability of La-
grange programming networks generated by CLMs discussed
in the previous sections are further illustrated now by the fol-
lowing numerical examples.

Example 1: Let us recall the double well cost function [28]

U(z) = 2% — 1622 + 52 4+ 100 (26)

with global minimum located at z = —2.90 and a local min-
imum z = 2.76.

Following the procedure in Section 2, one can derive a net-
work (6) with ¢ coupled local minimizers. Here,

Vz(l) U [2(1)]

v, U(z) = € RY,

vzm[:r [z<’1)]
VimU [z(i’)} =12 (z(i))Q —

It can be seen that V2U(z) > 0 does not always hold,
which implies that ()/(¢)V2U(z) + G, > 0 may not hold.
Therefore, according to Theorem 3, it is insufficient to say
that the Lagrange programming network (6) will globally
converge to an equilibrium point. However, according to
Theorem 1, the Lagrange programming network (6) is local
asymptotically stable for penalty factors v; = 100 (i € N,_1)
satisfying (n)/(q)V2U(z*) + G, > 0 with n = 40,¢q = 10.
Let us choose 5 = 40, v, = 100, i € N,_1, and take
V = 1,Pt =1, =1, - J,/¢g € W, in Theorem 4
where J, is a ¢ by ¢ matrix with all 1’s. It is easy to verify
that & < 0 by (21) (actually, the maximum eigenvalue of I?
is —2.0185 x 10713). Therefore, all CLMs 2 (i € N,) will
synchronize as # — o¢. Fig. 1 shows the convergence behaviors
of g = 10 local minimizers, with 8 local minimizers starting
randomly from [0 3] (blue solid line), 2 local minimizers
starting randomly from [—1 0] (red dashed line). We can
find that all the 8 local minimizers near the local minimum
have been pulled out the region and converge to the global
minimum. This is because the ¢ = 10 local optimizers have
exchanged information through the synchronization constraints
20— 2040 =0, i € Ny—1 during the optimization process,
which helps finding the global minimum easily. Figs. 2, 3 and 4
show comparison results based on the same initial values using
the neural network approaches proposed in [12], [16] and [11],
respectively. It is shown that the global minimum is achieved
from all initial values by the CLM scheme while not by the
neural network approaches. Note that the convergence speed
by the CLM method is much more slow compared to the neural

32,i e N,.
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Fig. 1. Convergence behavior of the decision variable = using CLM for Ex-
ample 1.
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Fig. 2. Neural network approach in [12] (here, p = 1) for the same problem
as in Fig. 1 with the same initial conditions.
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Fig. 3. Neural network approach in [16] for the same problem as in Fig. 1 with
the same initial conditions.

network approaches. The reason is that for the nonconvex
function (26), those local minimizers near the local optimum
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Fig. 4. Delayed neural network approach in [11] (here, « = 1, 7 = 1) for the

same problem as in Fig. 1 with the same initial conditions.
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Fig. 5. Convergence behavior of the decision variable z using CLM with+; =

200 (¢ € Ng) in Example 1.

basin move out of the basin one by one due to the ring-type
interactions among local minimizers. In fact, in this example,
the interactions among local minimizers do not help enhancing
the convergence speed. It is only because the CLMs with
coupling try to do more explorations and reach the global min-
imum. However, it is not implying that our method has slower
convergence speed than those neural network approaches.
To demonstrate this point, we do the above experiment with
v; = 200 (i € Ng) again and show the CLM results in Fig. 5.
It is seen that due to the stronger interactions among CLMs, the
local minimizers converge to an equilibrium point with a faster
speed than the neural network approaches, but at the price of
getting a local optimum. It is worth mentioning that the search
points by the neural network approaches are not synchronized
though they can also converge quickly. Here, the interactions
existing in the CLM scheme help to do more explorations
of the search space. As a comparison illustration, in the next
example, the interactions in our scheme will help to increase
the convergence speed due to the convexity of that function.
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Fig. 6. Convergence behavior of the decision variable z using CLM for Ex-
ample 2.

Example 2: Consider the following quadratic programming
problem:

1
min U(z) = §ZTAZ +p'z, 27)
wherez € R0, p =1 1 177,
r4 -1 0 o --- 0 07
-1 4 -1 0 --- 0 0
o -1 4 -1 --- 0 0
A= . . . . . . .
0 0 o -1 4 -1
L0 0 - 00 =1 4 Jypx100

The quadratic programming problem has an optimal so-
lution and the optimal value of the objective function is
U(z*) = —24.817. While performing the CLM array (6) within
the Lagrange programming network framework, since G, > 0
and V2U(z) = A > 0, we have (1)/(q)V2U(z) + G, > 0.
Therefore, by applying Theorem 3, the Lagrange programming
network (6) is stable and globally convergent to an equilib-
rium point of (6), which corresponds to a unique optimal
solution of (27). In simulation, we choose ¢ = 3, n = 40
and ; = 100, 7 € N,_y. Initial values are randomly chosen
from [0, 1]. Similar to the choices in Example 1, let us take
V=L1PFPt)=1,Q=1,-J,/¢g € W, in Theorem 4 where
J, is a ¢ by ¢ matrix with all 1’s. One can also obtain that
R < 0 according to (21). Therefore, all CLMs z(*) (i € Ng)
will synchronize as ¢ — oo.

Fig. 6 shows the convergence behaviors of 100 decision
variables z with ¢ = 3 local minimizers each. Comparing to
the results, which are shown in Figs. 7 and 8 and based on
neural network approaches proposed in [11], [37], it is found
that the minimum is reached much more quickly by the CLM
scheme in comparison to the neural network approaches. Since
the quadratic programming problem in this example is convex,
all CLMs can individually converge to the same optimal solu-
tion. Thereby, the interactions here among the CLMs help to
accelerate the converge speed.

Fig.

Fig. 8. Neural network approach in [37] for the problem in Example 2.

VIII. CONCLUSION

In this paper, we have analyzed the stability of CLMs and the
synchronization of CLMs within the Lagrange programming
network framework. We first dealt with the unconstrained
optimization problem which can be transformed into a non-
linear optimization problem with linear equality constraints
under the CLM scheme. We then presented conditions for
stability of the Lagrange programming networks to the new
optimization problem. Furthermore, we have also provided
conditions for the synchronization of CLMs in order to ensure
that all CLMs converge to a common optimization solution.
Finally, simulations of two test functions have been performed
to illustrate the effectiveness and advantages of the obtained
results. We hope that these results will offer insight into CLMs
within the Lagrange programming network framework, and
consequently reveal deeper implications for the CLM scheme
to unconstrained optimization problems. In future work, the
current analytical work can be further extended to inequality
constrained optimization problems.
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APPENDIX A

Proof of Theorem 1: To begin with, let us linearize (6) at
the equilibrium point (z*, A*). The local characteristic of the
equilibrium is determined by the linearized system. Taking

7] * Y ES = *
-V, U(z*)+ G,z" + Gi1X" =0
{ ,VaU() + Gor + Gy 8)
Glzr =0
into account, the linearized system is given by
Z ﬂsz(Z*) +G, Gi|[z-2*
AT . Aox] @
e 0

ISy + G, G
q
~G] 0

O =

We shall prove that the real part of each eigenvalue of O is
strictly positive provided that there exist some penalty factors
v > 0 (i € Ny) satisfying (n)/(q)V2U(z*) + G-, > 0.

First, let us denote v the complex conjugate of a complex
vector v and Re(3) the real part of a complex number /3. Let
« be an eigenvalue of ©, and let

=] #[0)

be a corresponding eigenvector, where v and w are complex
vectors of dimension ng and n(g — 1), respectively. Then we
have

Re{?#T 09} = Re{ad ¥} = Re(a)(||v|* + ||w|/?)

(30)

€1y
On the other hand, using the definition of ©
Re{¥'©9J} = Re {@T (gng(z*) + Gﬁ,) v
+ 0 Giw — ﬁ:TGIv} . (32)
Since for any real ng x n(q — 1) matrix M,
Rel{o' Mw) = Re{w' M "v}.

it follows from (31) and (32) that

Re {@T (ﬁng(z*) + 67) 71}
q

= Re{#T 09} = Re(a)(|Jv])* + [[w]*). (33)
Moreover, for any positive definite matrix F, we have
Re{o' Pv} >0, v #0, (34)

so it follows from (33) and the positive definiteness assumption
on (n)/(q)V2U(z*) + G., that either Re(a) > 0 orelse v = 0.

But if z = 0, the equation @79 = o yields Gyw = 0. From the
definition of G, it is easy to derive w = 0. This contradicts our
earlier assumption (30). Consequently we must have Re(a) >
0. Thus the real part of each eigenvalue of © is strictly positive,

which means that —© is strictly negative definite. Therefore,
(z*, X™) is locally asymptotically stable (see, [39]). O

APPENDIX B

Proof of Theorem 2: Since the Jacobian matrix of the map-
ping F' given in (18)

I+ G, Gy
q

VyF(u) = _
e 0

(35
is positive semidefinite, F'(-) is monotonically increasing.
Thus, the solution set F/(u) = 0 is convex [34], that is to say,
for any two solutions u(® and u® of F(u) = 0, and any
¢ €10,1], ¢ul® 4 (1 — Hu® is also a solution of F(u) = 0.
Hence the set of the equilibrium points of the Lagrange pro-

gramming network (6) is convex. Since these equilibrium
points satisfy

7] — —
-V, U G GiA=0
{q (2) + Goz+ Ga G6)

~G{z=0,

their set can be expressed as

£= {u: [zT ,\T}T

I9,U(z) + Gz + Gih = 0,
q
Glz= 0} . (37

To prove the uniqueness of the optimal solution, sup%)ose that
there exist u® = (z, AN} € £ andu®@ = (2@, A2
Substituting them into (36) and combining the equations y1eld

= (71 z(2) g (1) _ @)
_:(z \Z )—I—Gl(/\ A ) (38)
Gy (z(l) — z(2)) =0,
where =(z),23)) = (1)/(¢)(V,U(z")) - V,U(z®)) +
G, (z(l) — z(?)). Multiplying by z") — z(?) on the left side of
(38), one can further derive

(Zm Z(z))TE (Zu),Z(z)) —0

Since ()/(¢)VZU(z) + G. is positive definite,
(M /(q)VaU(z) + G4z is strictly monotonically increasing
as z increases. Therefore, (39) implies that z(1) = 22,
Then we can further get =(z(1),2(?)) = 0. Substituting
Z(zM, 2®)) = 0 into the first equation of (38), it follows that
GO =A@y =0, s0

(39

£ = {u = [Z*T /\*T]T G = —QVZU(Z*) - G.7* } .
q
(40)

Furthermore, since G| has full rank (see, Remark 1), then the
linear system G1A = 0 has only one zero solution. Therefore,
G1 (A" — A®) = 0 must imply that A = A That is,
u® = u® So, the Lagrange programming network (6) has a
unique equilibrium point. O
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APPENDIX C

Proof of Theorem 3: Consider the following Lyapunov
function:

1 1 .
V(w) = SIF) + Fllu - u|f%, (41)
where £'(u) is defined in (18) and u* = (z*, A*) is a stationary
point of the Lagrangian (4). Differentiating V' (u) with respect
to time ¢ gives

dV(u)
di

=V, V(u)ir
= —FT(0W)V,F(u)F(u)

—(u—u*)' F(u), (42)

where V'(u) has been given in (35). B

Using the assumption (7)/(¢)V2U(z) + G- > 0 and using

the fact #'(u*) = 0, it follows that
dV{(u)

— < 0.
dt  —

Therefore, the Lagrange programming network (6) is stable
in the Lyapunov sense. From (41), we have

(43)

1 e
V() > g fu—u|?, (44)

for any initial point ug, so there exist a convergent subsequence

{u(t;)} such that limy .. u(t;) = &, wherett = [27 A |7
satisfying
dv(@)

=0.
di

(45)

We now show that &1 is an equilibrium point of (6). It can be
seen that (45) holds if and only if

(46)

{ FT()V F(Q)F(a) =0,
(0 —u*)TF(q) = 0.

Because V2U(z) + (., is positive definite, the first equation of
(46) implies

IS,Uz) + G+ Gid = 0. (47)
q
For the stationary point u* = [z*T A*']T of the La-
grangian (4), we know that
U9,U(z") + Goz* + GiA* = 0. (48)
q

Combining (47) with (48) yields

19,Uz) + Gz — (QVZU(Z*) + Gx,z*) + G- )
q q

=0. (49)

On one hand, by utilizing the fact G| z* = 0, we have

~

7~ GTz") " (A= X%)

On the other hand, substituting (47) into the second equation
of (46) yields

~

—A=X)TG]z=0 (51)

or equivalently
(52)

Therefore, substituting the above equation into (50), we de-
rive

(z—2*)"Gi (A= A7) =0. (53)

From (50) and (53), it follows that

(2 —2")" (gsz(z) + Gz — gsz(z*) - Gﬁ,z*) =0.
(54)

Because (n)/(q)VIU(z) + G. is positive definite,
(m/(q)V,U(z) + G,z is strictly monotonically increasing
as z increases. Therefore, (54) implies that z = z* and
Glz = G{z* = 0. Moreover, it follows from (49) that
A =% Hence, 11 is a stationary point of the Lagrangian (4)
and thus is an equilibrium point of (6).

Now let us define another Lyapunov function

} 1 1 R
W) = S P ) + 5l — a1 (55)
One can obtain that
klim W(u(ty)) = W{a) = 0. (56)

Therefore, Ve > 0 there exists r > 0 such that for all £, > ¢,.,
we have
W(u(tg)) < e. (57)

Similarly, we can obtain dW/dt < 0. It follows that for ¢ >
¢,

1
Sl —al* < W(u) <e (58)
for W(u(t)) decrease as t — +00. So we have
tlim |lu(t) —al| =0 (59)
and
lim u(t) = 1. (60)

t—oc

Hence, the Lagrange programming network 46) is globally con-
vergent to an equilibrium point i = [2" A |7, where 2 is the
optimal solution of (2). O

APPENDIX D

Proof of Theorem 4: Since the matrix ¢) € W, and V is
symmetric positive definite, @ @ 1V > 0. And from the defini-
tion of GG in (6), (1 is a matrix with zero column sums. Hence,
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G1G/ is a symmetric matrix with zero row sums and nonposi-
tive off-diagonal elements, so is G1 G{. Therefore, we can get
(G1G]Q € W, and (GG )(QRV) = (QeV)(G1G{) > 0, [10]
and then construct the Lyapunov function

[9] H. Yamashita, “A globally convergent constrained quasi-Newton
method with an augmented Lagrangian type penalty function,” Math.
Program., vol. 23, pp. 75-86, 1982.

D. W. Tank and J. J. Hopfield, “Simple ‘neural’ optimization networks:

An A/D converter, signal decision circuit, and a linear programming

1 1 circuit,” IEEE Trans. Circuits Syst., vol. CAS-33, no. 5, pp. 533-541,

T (A~ ~T T AT ~ 1986.

VV(t) B EZ <G1G1 ) (Q ® V)Z - 51\ G1 (Q ® V)Gll\' [11] L.Cheng,Z.G.Hou, and M. Tan, “A delayed projection neural network
for solving linear variational inequalities,” IEEE Trans. Neural Netw.,
vol. 20, no. 6, pp. 915-925, 2009.

[12] X.B. Gao and L. Z. Liao, “A new projection-based neural network for
constrained variational inequalities,” IEEE Trans. Neural Netw., vol.

. T oA AT 7 20, no. 3, pp. 373-388, 2009.
VV(t) =7 (G1 Gl ) (Q ® V) (— —VZU(Z) + Iq X P(t)Z) [13] X. L. Hu and J. Wang, “A recurrent neural network for solving a class
q of general variational inequalities,” IEEE Trans. Syst. Man Cybern.
B—Cybern., vol. 37, no. 3, pp. 528-539, 2007.

[14] S. Effati and M. Ranjbar, “A novel recurrent nonlinear neural network
for solving quadratic programming problems,” Applied Mathematical
Modelling, vol. 35, no. 4, pp. 1688-1695, 2011.

[15] Y. Q. Yang and J. D. Cao, “Solving quadratic programming problems
by delayed projection neural network,” IEEE Trans. Neural Netw., vol.
17, no. 6, pp. 1630-1634, 2006.

[16] Y. S. Xia, “An extended projection neural network for constrained op-
timization,” Neural Computation, vol. 16, no. 4, pp. 863—883, 2004.

[17] S. W.Zhang and A. G. Constantinides, “Lagrange programming neural
networks,” IEEE Trans. Circuits Syst. II, Analog Digit. Signal Process.,
vol. 39, no. 7, pp. 441-452, 1992.

[18] Y.S.XiaandJ. Wang, “A general methodology for designing globally
convergent optimization neural networks,” IEEE Trans. Neural Netw.,
vol. 9, no. 6, pp. 1331-1343, 1998.

[19] Y. S. Xia, “Global convergence analysis of Lagrangian networks,”
IEEE Trans. Circuits Syst. I, Fundam. Theory Appl., vol. 50, no. 6, pp.
818-822, 2003.

[20] Y.S.Xiaand G. Feng, “On convergence conditions of an extended pro-
jection neural network,” Neural Comput., vol. 17, no. 3, pp. 515-525,

Calculating the derivative of W (#) along trajectories of (6)
yields

+ 2T (GG Q@ V)(~G, — 1, ® P(t))z
— 27 (GG )Q @ V)GIA + AT G (Q @ V)G1GY 2
—gVZ(QU (Z(l)) + P(t)z(l)

_ gvz(q) U (Z(q)) + P(t)z'?

<30 (29 - Zm)T v (_gvz(i)[] ()

i<y

+P(t)z("') + QVZMU (Z(:i)) _ P(t)z(f)) , (61)
q

where Q@ = (G1G{)Q. By means of the V-uniformly de-
creasing condition and R < 0,

2005.
2 : « L.
tr —o..[_ @ _ G [21] X. B. Gao and L. Z. Liao, “A neural network for monotone variational
|24 (t) < Z Ql(l ( v ‘Z z . (62) inequalities with linear constraints,” Phys. Lett. A, vol. 307, no. 2-3,
i<y pp. 118-128, 2003.

[22] X. B. Gao, “A novel neural network for nonlinear convex program-
ming,” [EEE Trans. Neural Netw., vol. 15, no. 3, pp. 613-621, 2004.

[23] H.L. Wangand O. K. Ersoy, “A novel evolutionary global optimization
algorithm and its application in bioinformatics,” Dept. Electr. Comput.
Eng., Purdue Univ., ECE Technical Reports, Aug. 2005.

Note that @ = (G1G])Q € W, s0o —Q;; > 0 fori < j. For
each —Q.L';,»‘ > 0 and é > 0, and sufficiently large ¢ such that if
|2 — 2| > 6, then

9 9 [24] M. Mizukami, M. Hirano, and K. Shinjo, “Simultaneous alignment of
W(t) < HZU) _ Z(j ) ‘ . (63) multiple optical axes in a multistage optical system using Hamiltonian
- 2 algorithm,” Opt. Eng., vol. 40, no. 3, pp. 448-454, 2001.

[25] T. Okamoto and E. Aiyoshi, “Global optimization using a synchro-
nization of multiple search points autonomously driven by a chaotic
dynamic model,” J. Global Optimization, vol. 41, no. 2, pp. 219-244,
2008.

[26] D. E. Goldberg, Genetic Algorithms in Search, Optimization, and Ma-
chine Learning. Boston, MA: Addison-Wesley, 1989.

[27] J. Kennedy and R. C. Eberhart, “Particle swarm optimization,” in Proc.
IEEFE Int. Conf. Neural Networks, 1995, pp. 1942—1948.

[28] J. A. K. Suykens, J. Vandewalle, and B. De Moor, “Intelligence and

[1] D. P. Bertsekas, Constrained Optimization and Lagrange Multiplier cooperative search by coupled local minimizers,” Int. J. Bifurcation

Methods. New York: Academic Press, 1982. and Chaos, vol. 11, no. 8, pp. 2133-2144, 2001.
[2] D. P. Bertsekas, Nonlinear Progamming, 2nd ed. Belmont, MA: [29] A. Teughels, G. De Roeck, and J. A. K. Suykens, “Global optimization
Athena Scientific, 1999. by coupled local minimizers and its application to FE model updating,”

This implies that for large enough ¢, ||2(9 — z()|| < &. There-
fore, lim; _ ., ||z — 209)|| = 0. Trreducibility of 2 implies that
enough ;; are nonzero to ensure ||z —z()|| — 0, Vi, j. The
proof is completed. d
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