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SOURCE SEPARATION BY ADAPTIVE SINGULAR VALUE DECOMPOSIT

+ ++ § *
3. Vandewalle , J. Vanderschoot and B. Do Moor

YESAT faboratery, Elec. Eng. Dept., HLaboratory of G.I. Mocikity
Katholieke Universiteit Leuven

SUMMARY Then the energy of this set in the Jdirection
of a unit vector e cun be defined a3 :

" ¥Whea many signals compised of many sources (sig- 4
nals of differeat strength and noise) can be mea- E [A] - T (etn )2 - eTAA e {2)
sured aimultaneously s rather classical but unu- i=1 i
sual approacn to the separation of diurce signals

is to separate tnese according to directions of ss ia well knowu from elagaicsl wmatrix algetrs,

extremal eaérgy., It has been applied to the the symmetric wmatrix AT has g orthsaorzal eigen-
extruction of the fetal ECG osut of wmany cutaneous vectors u,, . u_, and p noa negative eigenva-
seusurements conlaining maternal, fetal ECG and 1 P
noise., A numerically reliable implementation re- 1uesli, ---Ap- It is eany to stad that
quires singular value decomposition, which is
quite time consueing. In order to reduce the com- g [a} =" (5)
putation time sduptive or purtial, singular value uy x
{' iomposition algorithms wure proposed based on
(_ : power method and Chebyshev iteration. are extremal values of the encegy. Fig. 1 shods

a3 un example, the polar plot > the oriented
1, THTRODUCION energy of a set of vector sasples from a three
dimensional signal space. In the nest sectioa it
will be shown that these ecirewal energy direc-
tions are essential te the propised dource sepa-
ration acheme. The foregoing discusaion might

If a set of wmeagured signals contalas coatribu-
tions from sources with different strengths,
they can often be aseparated by projecting onto
subspaces of maximal and minimal energy. This
technijue has been applied succeasfully to filter
or separate the fetal electrocardiogranm (ECG)
from the maternal ECG in cutaneous measurements,
and to Filter out 52 Hz contributioms, and, teo
eliminate noise in other problems in ayatem theo-
ry. A numerically reliable algorithm to perform
thisseparetion requires the singular velue decom-
position SVD of the matrix of the meuasared sig-
nals. Since the clasaical SYD algorithm is too
coamplex for reul time proceasing, a new and fa-
ster adaptive algorithm is develapped.

In the paper we first define the oriented energy
of a vector signal and derive a nuaber of its
properties [1}. Then the source separation tech-
nique i3 derived and applied to the geparation
of the fetal ECG from cutaneous measurements
f»1, A new adaptive slgorithm baged on the Che-
Q\ hev transformation is then presented which Fig.!. Polar plot of the oriented
.o much faster than the classical algorithm of . . . - -
2alub E3] and the adaptive SYD algorithm ASVD {4}. energy of a vector signal (p=3)

2, ORIENTED EMERGY OF A VECTOR SIGNAL suggest to coumpute these directions by forming

the covariance matrix AAT and calculating the
Suppose that Apxq is a matrix, representing a set eigenvalue decowpoaition. However since the ovi-

ginal matrix A is given, a numerically better L
approach [3] ia to coupute the singular value
decomposition of A, [3 :

of q samples a, from a p dimensional vector aig-
nal :
A= Ea‘ e aql, (1)
T

A 1} v < ;
px3  pxp prg qxq pfa  (4)
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in wnicn U wad ¥ sre ortlonoreml mutrices, and)

ia & réul pseuvdodiagonul nonnegative definite .
are called left

-matrix. Calumn vectors of U,
“singular basis vectors, and the disgonsl elesonts
of - I are culled siogular valees. Singular values
and singular baais vectors ace conventionally
-orderad so that

{(s)

S 0y . v 3
\ 2)/ p/O

It iw eway to verify that the left singular basis
vectors and alugular values of A are equal to
regp. the eigenvectyrs and the poaitive aguare

roots of the eigenvalues of AAT.

3. SOURCE SEPARATION BASED OH EXTHREMAL ENERGY
BIRECTIONS

The aeparation problen thut will be considered
cun be stuated ay follown. diven u set of p measu-
reuenlt signuls being static ligear combinations
of a set of n unknown source signals, and covrup-
ted by additive uncorrelated noise. The linear
combination or tranafer i3 only known qualitati-
- vely. How und uuder whut conditions cun the sour-
€7 aignils be reconstruc-ted ? In matrix foca one
N
f M =

(s)

With & wcadurement sigaal wmatrix M, a noige signal

TS or N,

‘mutrix H, & source uignul mateix S wnd & teunsfer

wutrix T. The principal ides of the wethud will
be deaonstcuted on the basis of Fig, 2. Fig.
G.u. represcata a wet of vectar samplea in s
two dimensional source signsl apace, and o polar
plot of the oriented energy in this space, Tie
tranafer metriz mups the source signala into
4 three Jimensionul @ewsurdment dpuce, uee Fig.
L.b, The buasis vectors of the source space are
mupped iate t und L, respectively, ty and t,

being column vestors of . I there is no noige
predent, ull measureueat aunples are located
in the plane (t‘._t,). Fig.d.b. also shows the
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Fig.2. The transier T of source siguals )48, Lo
measurement signals. LT

firat two left singular busis vectocrs u, and u, -

. 1
-of thé @casuresent smutrix. The pluse (ul. uz)'
will obvioualy co¥ncide uith'(tl. t,). It can

.- be shown that u, will be very cluse to by o Af

v

ihe'energy o the “firat #aurce signal ia_aliéhflyF;' o

laurger than the energy or -the socond source sig-
AEl. But if this iy the case, u, will be almout

orthogonal to i‘ « If mousuconent gusples are
projected oato u2,'theh this projection will

be wladat free of first sourse signsl contribu-
tiona, Phis iz how a wesk sigiul can be oxtracted
in the preaence of & atronger, diaturbing vignal,
E.g. in the cuse of fetal ECU recordings, where
4 much stronger matecnal KOG is presont. But
lurthergore i t‘ can be mude orthogonsl to te

4 erdct separation is posaible, since then

u, = ti and u, = tz. The next theorem {s the -

basis for the aignal separution algorithx in
4 geperal case.

Theorcwm : Civen u weusurement matrix N satiarying
(6) with :

p = the number of mvasurement signsls,

q = the nuaber of vector aamples,

n = the puaber of source slgnala,

ps m<gq,

Ty 5, H matrices represcnting respectively pxa
transfer, nxy source signals, F£} noige aignals,
Let the asingular value docomposition of K be
given by :

T

u ¥ v 1
PIP1P¥P P4 tn

1
pxq

i (1) 88T - atag B° 02 Lot )
i) o -y
1 2 "
(2)0 >3 vae g > 0
' Ay 3 "n
. T,
(3} r'r .
2
"

: 7
(s)us = opml

(¢}
xn

(4} HNT g, 1

Then

t .. 2 2
(1) &.2 diag (o
. |

3" g
pereadl
n

K K
)

2 2
+ o .
v (P TR

N
2y« 9
(3) 5 =u

(9)
TH -5 VT
The proof of this theorem is Lused on the dhique-
neny of the eigenvalue decompouition of the satrix

HHT. und will be omitted here. Lot us inatesd
translate the conditions (1) tot (5) to practical
reguirevents.

(1) Source signala should not be correlated with
each other for zero time shift. It ia not
obvicus that this condition can Lle gatisfied
in all pructical situmtiona. However, if -
one is only interesated in sane source signntla,
it can be proven that only these source njg-
nals have to.be uncorrelated mutually und
with the othes wource signals, Lo "

(2) The source wsignals eshould hive & differens ™

() '

energy. S L
The columns af the truasfer matriz ahkould -

=




HrbbbsniERER R st e BB B S ulR B L LU L L DL AL UL L UL G i bR GO Gl b A B i

LT TLINE 2 HNW PN N VNPT 1V

(4} The niise signals should be uncorrelated

—— with each other, and they should have equal
BRELKY .

{4) Yoise wsignuls should not Le correlated with
source signals,

Agotner iwportsut condivion is that g should

. i
be sufficfently lurge so that 550, W', HS® are
crodscorrelation estivutors with a amall variso-
¢e. Let ua now present the signal aeparation
algovitha, &nd show the pructical application fer
the probles of the fetal ECS extruction.

Sipgnul ncparslian slporithe

1, Compute the SVD of a acasurement matrix K,
containing ¢ vector saaples.

2. Compute the projections onto the erirefal
energy dicections W, +.. u . These projections

are estimates of the corresponding aource
aignals :

togioga (10}

 re s, is the i-th ros of 5.

3. the tranafer is time invaviant, these pro-
Jections ave atill good estimutes of the cor-
responding source signal for further viwme
inatants. ’ ’

A result 5f the upplicution of thia algoritha
to the exteaction of u fetul ECG from skin elec-
trodey i3 shown in Fig., %. PFig. 3%.s4. 3hows the
6 measuresent signals forming the mutrix M.
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Fig.3a.Cutaneous recordings over an interval
of 4 5., sampling race 250 Hz.l‘l0=10 ms.,
fo=?0 Hz, 37-ch week of pregoancy.

Fig. 3.b. shows the 6 projections onto Ehe extre-
rul energy directions of K. It is clear from
this tfigure that the - geparation is quite good.
The dimension of the subapace geunerated by the
waternal ECG is three (consistent with the do
catled dipale hypathesia of cardiology). The
4-th prouction caatuing alwoat only FPECG cogntri-
butions. The lover euergy directions $ and &
.oaly show noise. The third atep of the algorithe

is illustraved in Fig. 3.c. Theae are projections

onty Uy of the 1000 meavurenent vector samples

subgequent Lo thoue of Fig. 3.4. This step ouly
requirea 6 multiply und add operstions pec veclor
sample, As one can see, couputations could be
reduced if not all extremal energy directionns
were culculated. Thia mesos that s partial LHVh,
resutting in u4 in this cade, would auffice, If

gwall time veridnce of the trapafer mutric ia

expactad, then an adaptive S5¥D wlgorithm ia of
consfderable valtue.
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Fig.3b., Projections of the measurements of
fig.da onto u,,...,u, resulting frum the SVD
of those {000 measurenmencs samples,
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Fig.Je.Projection of the 1000 measureaents
samples subsequent to thuse of fig.la.{(not
shown) onto the same u, as for fig.lb,

THE COMPUTATION OF THE FAKTIAL K ADAPTIVE
SINGULAR VALUE DECOMEISEPION

In this gection we discuus sowe nusericully re-
Iinble algorithma fFor tie HVEH of resl mutrided.
Tive choice of a4 suitable algovithw lor the ¢oupu-
tetion of the SVYD depends ugpsn the conditions
that are imposed. If one neeas 4 lull decouponi-
tion {i.e. &1l aingulur tripicts) of & walrix
of moderate dimensions, Goalub's algorithn !3
ia very efficient and numericully reliable. Fully
teated and  Jocumentated wsoltwure is availebie.
However, there exist many applications in wnich
the watrices finvelved satiafy specific conditiona
They muy be lurge and structured, such that the
entries preferably remain unchusged during cowju-
tations. When they are of low runk Jnly a puciial
SVD is necessary. (e.g. model reduction techni-

- ques), A supplowentary aspeel muy be thut the

matrices may be alowly time-vurying., Hence, it iw
natural to develop an sdaplive slgarithu thwt
usey the SYD couputetions of u previocus Lime uatep
a3 ap initial value for upluting the actusl SVDb.
Both obaecvatlons hold foc muny signsl separation
peableas guch us FECG, Two recently develugped
algorithms wre now briefly considered.

aor LY
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A ASYD : the power sethod for SVD

Thiv method, developped iandependently Ly Staar

I} and Shlien 6], and worked out in [5) can
be aummarized as folloss : Suppose that k first
triplets of an mxn satrix A ace slready computed

Uk"‘.[uI - uk} (11.a8)
v, [v! ces vkl (11.b)
;Ea = diug Bﬁ v ¢k} (11.¢)

then the k+i-th triplet is cowputed viu un iters-
tive process.
(o)

1. Initial guess "k*l‘uk

iteration i

e = e Sl (12)
3o = At ' (13)
4-"§i?l = A'"iizl 4 ﬁ“ﬁif' f (14)

oot g aiithy (15):
6.‘[1 “he test fqr convecgeucs
e e

is satisfied stact the recursion for triplet
-x+2 (deflate), if not, 2o to 2.

CIa [5) the number or nultiplications  ror each
triplet, convergence rates, reductions in the
orthogonsalization, initial guess strategies, def-

_lation techniques and scceleration algorithos are
studied, ’ :

B. Chebyshev iteration

This is & very efficient technique lLused on the
recursion of the Chebyuliev polynounisls. VFrom
(f) one obtuins A.{t . prrt oyt 4
Gne cun prove that for every polynomial or analy-
tic function © of & matriz AAY °

RPI, / R 2
ta®) = v e vt rsh) - ataele 65))

‘How the Chebyahev p51yuomiuls'Tn(x) satisfy

) '.‘(-‘--.\g- i (20.a,b)

Tavlg?) : 2"Tn(“ B Tﬁ-‘(x) ‘

T (x) = x
(20.¢)
.Ewg(xilfi?n_,(x);> 1 .fig(—oo,-l)tl(1.oo)' {20.4d)

w[-1,1]
If we nov conaider the following iterative proce-
~dure, with v the n-th iterstion vector

1. Initialize v )
. L0 ,_t, )
IR

_i?n(X)fls L o {20.¢)

o (2y)‘u'i

‘ . 2r(ar ) v - _
2. Itevate v . = 21(AA ),v“ Yot (22)

© 3. Test foe canvergence

(23)

f!vn*i - vy l <«
if not, go tv 2.

Tue result of this itecative procedure is a vectar
dith components slong those left singular vectsrs
of A of which the corresponding singular value:

of 1 (Aﬁt} is larger than 1. The largeat, smullégt
or intermediury singular values uve coaputei
by choosing suitable £, In {7}. the nusber of

iterations is Jderived.lt can be proven that thio
iteration ia genpricslly conaiderably faster tian
the ordinary pover method and Solub's algorithm
[3.4]. Reliable refinements, deflation techniquen
and combination with previously developped scce-
leration techniques are actuully under study,

CONCLUSION

& wigaal filtering technique l&s been described
wiich 1s not bused on the fregueacy content but
rather on the strength of contribution to multiple
aignals. It has proven to be useful in eliminating
maternal ECG in abdominal recordings of the fewnl
ECG. An algoritham for adaptive singular value
decoaposition 1is presented wileh can conpute
efficiently 4 pact of the SYD an-line.

REFERENCES

{1} 3. Staar, “Concepts for relinble modeling
of linear systems with. application to on-line
identification of multivarislle wutute wjace
description”, Doct. Th., Kuth. Huiv. Leuves,
June 1932,

[2} J. Vandersohoot, J. Vandewalle, J. Jauswscnas,
W. Sanden and G. Yuatrappen, “Extrsction
of weak bioelectrical aignals by mewnus of
singular value decomposition™, “Annlyais
and Optimization of Syutems™, Froc. of Sirth
Int. Conf. on An. and Opt. or Systema, Hice,
June 1984, Springer Verilwg, Berlin, pp. 4%4

{3} 6.H, Golub wund €. Retnsch, “Sirgular valac
decompoaition and least squsres soluticus™,
Numer. Hath,, Vel. 14, 1970, pp. 403-420.

[4] J. Dengarra et al, “Linpsck User's Suide™,
‘Philadelphia, STAK 1979.

[5] J. Vandewalle, J. Stasr, HB. De Hoor snd J.
Lauwers, "An adaptive singular value decaujs-
aition algorithm and its application Lo udug-
tive realdzution™, “Anulyaisa nnd Gplimizntion

of syatems", Proc. of Sixth Int. Conf. on

An. and Opt. of Systews, Lice, Jume 1Yad,
Springer Verlag, Berlin, Fhe ¥35-47.

{6] s, Shlien, "A method for cumputing the puriial
5V¥p", IEEE Trapid, on putteen uflulysias and
mach., intell., Vol. PAKI-14, no. 6, Hov.
982, :

[7] B. De’ Moor and J. Vandewulle, “an udaptive
singular value decompositisa slgorithm baued

- on ‘geperalizad Chebyshev recursions”, Prog,
‘Conf. on Hath. in Signal Proceasing,
T, of Bath, Easer, Englund, Sept..B5,

Un;v.:'f'

i Y oyt et tn s i e

e, e

Qe e

e ren




