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IN THE SAME way as for the adult ECG it shouid be pos-
sible to obtain a set of potential tracings, describing the
electrical activity of the foctal heart. Most accurate
methods in this field are invasive, as they use an electrode
placed on the foetal scalp. Because this technique is only
feasible during delivery, when the foetal scalp is accessible,
it is important to look for noninvasive techniques, such
that an earlier diagnosis becomes possible.

The task of obtaining a foetal electrocardiogram from
recordings with electrodes on the mother’s skin is funda-
mentally equivalent to the adult ECG problem, but some
specific practical difficulties arise in this case, The main
interference is formed by the omnipresent maternal ECG
(MECG), but also, compared with the low voltage of the
FECG, other noisc levels become relatively high (maternal
muscle noise, net interference, noise from clectrodes and
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amplifiers etc,), Another problem is the large variability. of
the way cutancous potentials are generated by the internal
bioelectric sources due to differences between subjects. But
also, for an individual subject, changes in the configuration
of the volume conductor depending on the stage of preg-
nancy can play an important role (foetal growth, creation
of new conducting paths, changes in the characteristics of
the amniotic fluid and placenta, the development of the
vernix caseosa, the changing geometry of the abdomen
during pregnancy et¢., QOSTENDORP, 1989), The position of .
the clectrodes is also of capital importance, because well
chosen electrode locations can become completely useless
in the course of an experiment, due to foetal movements.

The earliest attempts and the most straightforward
approaches to solve the FECG problem have involved a
direct scaled subtraction of a thoracic or ncar-thoracic
MECG from an abdominally measured composite of
maternal and foetal heart signals (LoNamn et al, 1977,
SursAU and TROCELLiER, 1961 ; WHEELER et al., 1978). The
main difficulty with these presented ‘subtraction’ methods
is the fact that the shapes of sequential MECG complexes
are not always identical due lo changing configurations
and breathing.

May 1930 217



" "More complex methods to reduce the MECG use signal
processing techniques such as averaging, matched filters,
auto- and crosscorrelalion and estimation (VAN BEMMEL,
1968; FERRARA and WIDRoOw, 1982; Wiprow et al., 1973).
Typical for all these methods mentioned is the fact that the
FECG contribution in the ouiput is never larger than the
portion that was already present in the input abdominal
recording. This is duc to the fact that they try (o climinate
all MECG contribution in one signal only, in some way or
another.

Finally, one can consider a group of methods that try to
obtain a ‘clean’ FECG by a linear combination or
weighted sum of a number of electrode signals. This is a
kind of ‘spatial filtering’. The methods differ in the way
they determine the (weighting) coefficicnts in this lincar
combination (BergviLn and MenEr, 1981; VANDER-
scHOOT et al., 1983; van QosTEROM and ALSTERS, 1984).

In this paper we will show that the singular value
¢omomposition (SVD) and the generalised singular value
decomposition {GSVD), which are very robust, numeri-
cally reliable and efficient techniques known in lincar
algebra, play a key role in cxtracting the FECG from cut-
ancousty recorded potential signals,

2 Modelsing the FECG problem

The task of formulating the FECG problem in mathe-
matical terms consists of a two-step procedure, First, the
electrical activity of the heart has to be modelled, and then
the second part of the analysis concerns the question of
how the potential disiribution on the skin due to the
curren! generation by all the bioelectric sources present is
abtained.

The sotution to the first problem is based on the obser-
vation that, at a considerable distance from the heart, its
electrical activity can be represented in first-order approx-
imation by an equivalent current source dipole vector with
fixed position {PLoNsEY, 1969). The magnitude and direc-
tion of this dipole vector may change with time. This
variation can be described by three orthogonal com-
ponents of the vector in some orthogonal frame of refer-
cnce.

Because these orthogonal components are generally
functions of time, one can associate with cach bioeiectric
current source s{t) three orthogonal signals s,(1), s;,{t) and
i,{t), calied the source signals. The electrical activity of the
{oetal heart, as well as other electrical phenomena, can
then be described by the concept of orthogonal source
signals, Assume that in general r source signals suffice to
represent the activity of all internal bioelectric current
sources, Then a signal vector s(1), called the source signal
vecltor, can be defined as

s{t) = {s,(0) -+ s,(0)7 n

However, the main problem is that one cannot measure
these internal source signals directly. Instead, the potential
differences between electrode pairs placed on the body
surface are measurable, and are called the measurement
signals m{t). Suppose that p measurement signals from cut-
ancous clectrode pairs are measured and arranged in a
vecior m{t), called the measurement signal vector, as

m{t) = (ny{t) -+ m ()" {2

Owing to the resistive and quasi-static behaviour of the
body as a conducting medium in the frequency range of
interest (between about 0-5 Hz and 100 Hz, PLonsEy 1969),
there exists a linear relationship between m(t) and s().
Indeed, each measurcment signal m(t) can be writien as a
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linear combination of r source signals s{f), plus additive
noise, represented by a signal nj).
This leads to the following relationships:

mg(0) =ty 5,0 + -+, 500 + ny(f)

m,',(!) =ty 5 () + 0+ 1,500 + n () 3

or in signal vector nofation
m(t) = Ts(t) + n(1) 4)

In this equation, only m{f) is known, The matrix T, which
contains all coeflicients in the linear combinations, is called
the transfer matrix and is completely determined by the
geomelry of the body, the electrode and soutce positions,
and the conductivities of the body tissucs. A very detailed
and interesting study concerning the modelling of body
volume conductor is performed by OOSTENDORP
{OosTENDORP ¢t al.,, 1986; OOSTENDORP, 1989).

The separation of the MECG and FECG can now be
accomplished by finding estimates for the source signals
s{t). Actually, characterising the electrical activity of the
foetal and adult heart is a so-called inverse problem: it
consists in estimating the internal source sighals that have
generated a given set of external measurement signals.

Digital processing of these measured analogue signals
requires sampling, a process by which a continuous-time
signal is transformed into a series of digital numbers. This
makes a matrix formalism for eqn. 4 possible as

M, ,= Tﬂ-rSr-q+Np-q &)

where p is the number of ¢lectrode signals, r is the number
of observed source signals and ¢ is the number of sampling
instants,

3 Three methods for the separation of MECG
and FECG

3.1 Method I SV D of a set of p cutaneously measured
potential signals

In this method (CALLAERTS ef al, 1986a; b}; VANDER-
SCHOOT et al., 1984; 1987) p potential signals are recorded
from electrodes placed on the maternal skin. After sam-
pling, a p x q data matrix M is constructed, where each
row of M consists of the g samples of one signal. Earlier
work had already proved that the SVD of the data matrix
M, given by M = ULV, provides, under ceriain condi-
tions of electrode placement, an eflicient way to construct
an MECG-free foetal electrocardiogram.

If the maternal ECG is sufficiently strongly present in
the recordings, compared with the presence of the foetal
ECG, then the singular spectrum X of M can be parti-
tioned into threec groups

E={0 X 0
0 0 %, (©)

where X, contains r,, singular values, associated with the
maternal heart, Zp contains r, singular values, associated
with the foctal heart and £, contains rg = p — Fyy — rp sin-
gular values, associated with other possible sources of bio-
electric activity and noise. A number of orthonormal
singular directions correspond to each group of singular
values, to form a subspace of the p-dimensional column
space of the data matrix M, spanncd by the columns of U.
This results in a maternal subspace (dimension r,), a fogtal
subspace {dimension »,) and a subspace for other sources
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‘,-'/ of electrical activity (dimension rg), such that the matrix U
<an be partitioned into

Fyy Fp  To
7
U=y Us Uy M

Because fhese three subspaces are orthonormal to each
other, the solution of the separation problem is presented
as an orthonormal projection of the data onto the foetal
subspace, whereby the maternal ECG contribution is
eliminated, Formally, this can be written as

Ui M\ [y
S=UM=|UF M|=|S§; (8)
v M/ \S,

where § is a p x g matrix containing p estimates of the
source signals of eqn, (1).

Once an estimation of the foetal source signals is found
in 8¢, one can construct a matrix F that contains only the
FECG contribution in each measured signal, as foliows:

rartry

F= UFSF=

i=rm+1

a vy : | ©)

where u; (v) is the ith column of U(F) and ¢, is the ith

i_gzsingular value of M. Therefore, the signals in S} are called

the principal foetal signals: each foetal contribution in the

EDU[ .
S W‘w -
E .{

&
& -soof
-10¢0 L T S N
@ -] E 2 3 4 5 1
500
1
>
a
g
o
N
-5l y R S— L
MO ¥ 7 3 4 5 &

-760}

signal, uv
- 8 8
)
-qm%
R
—=

-400

50r

T
T
B3
L
—+

-850
g

50

:gﬂ
1
i

o ) 7 3 % B 3
sop
7 of
g‘ ° L omnrdr I e ng [N PRI
A
20} v
- . . . , R
% 1 7 3 % 5 3

lime, s
Fig. 1 Six-channel measurement set G5 long: the first three
signals were taken from the thorax, the last three signals
were recorded abdominally
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recordings can be found as a linear combination of the rp -
principal foetal signals only. This set of principal signals
has the same meaning as an orthonormal reference frame
in an n-dimensional vector space. The principal foetal
signals have the additional advantage that they do not
depend upon the physical orientation of the foetus and of
the foetal heart, with respect to the electrodes. This makes
an easy comparison between different subjects possible.
The construction of this matrix F is very important for the
interpretation by the obstetrician, because the signals in F
come from the respective electrode pairs on the maternal
skin, In that way the ry signals obtained in Sy are * virtual’,
as they cannot be associated with specific electrode pairs.

This method can easily be automated and an online
adaptive algorithin to compute the U-matrix in the SVD
of M has been designed (CALLABRTS et al, 1986a; b);
VANDERSCHOOT et al., 1987). At the moment a PC-based
real-time implementation for bedside monitoring is in
development (CALLABRTS et al., 1987).-

3.1.1, Results: As an example the method is applied to a
set of six recordings (Fig. 1). The first three signals were
recorded on the maternal thorax (far from the foetal
heart); the last three signals were measured on the
abdomen of the mother. The singular spectrum L of M
conlains three large singular values (r); = 3), correspond-
ing to the maternal subspace, two singular values (ry = 2)

e
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Fig. 2 The six signals that result from a projection of the data of

Fig, I onto the U-matrix in the SV D of M. The fourth and

Sfifth signals are foetal signals
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corresponding to the foetal subspace, and a last singular
walue (rg = 1) corresponding to other weaker influences,

The signals obtained in the matrix § are shown in Fig, 2.
The interpretation that can be given te these estimated
source signals is the following: any contribution of the
maternal heart in the p measured potential signals can be
found as an appropriate linear combination of only ry,
orthonormal signals, obtained in $,, = ULM (the first
three signals in Fig, 2). A similar interpretation is valid for
the estimated foetal source signals. In Fig. 3 the matrix F
of egn. 9 has been formed for the example in Fig. |, using
the (wo eslimated foetal source signals & obtained in Fig.
2. One can notice that even the firsi three recordings, mea-
sured on the maternal thorax, contain a portion of FECG,
which is very small compared with the portion in the
abdominal recordings.

If one is intercsted in the exact waveform of the foetal
QRS-complex in the two estimated foetal source signals of
Fig. 1, a mean foetal QRS-complex is computed by averag-
ing the occurring complexes, This results in the two wave-
forms shown in Fig. 4, A very inferesting observation is
that, by averaging the noise in each of the obtained signals,
the P-wave of the FECG becomes clearly visible, This is
important for a cardiologist, as the P-R interval contains
‘mportant information about the growth and health of the
[foetal heart.
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Fig. 3 The comtribution of FECG in each of the six measured
potential signals of Fig. 1. Notice the small comtribution in
the first three signals, which were recorded far from the
Soetal heart. All MECG influence present in the recordings
is eliminated here
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The method has shown to be successful in several cases.
But it is important (o stress that the success of the separa-
tion of MECG and FECG depends on appropriate elec-
trode positioning, Indeed, the method requires not only
abdominal potential signals, but also signals that pick up
strong MECG signals only, close to the maternal heart
{sce the first three signals in Fig. 1). It is thereby based on
the spalial separation of both sources of electrical activity.
The reason why the method did not succeed for some of
the recorded data sets was precisely the inappropriate
choice of the electrode positions.

3.1.2 Advantages:

() The method and the presented solution are very
elegant,

(b) The resultant signals are optimal with respect to extre-
mal oriented energy.

() The resultant foctal signals are orthogonal and form a
set of principal foetal signals, independent of the physi-
cal orientation of the foetal heart,

(d) The method is suitable for PC-based real-time imple-
mentation, duc to the development of an online adapt-
ive algorithm,

(e) Reconstruction of the original foetal ECG contribu-
tions in each of the measured signals is possible.
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Fig.4 Mean FECG waveforms for the two estimated foetal
source signals obtained in Fig. 2 '

3.1.3 Disadvantages: No general electrode placement
strategy can be used, because for each subject the most
ideal electrode positions have to be looked for. When
using bipolar electrode signals (no reference electrode), this
problem has many degrees of {recedom, The realisation of a
real-time signal separation unit will, however, eliminate
this problem, because an immediate evaluation of each
chosen electrode pair can be performed.

May 1980



s
¢

3.2 Method 2 Two-step SV D procedure

Another way to illustrate the conceptual fiexibility of the
SVD is presented by the following method. Tt is essentially
based on a method presented by van QOSTEROM (VAN
OosTEROM and ArLsTers, 1984; vaN OosreroM, 1986) but
modified such that the online adaptive algorithm designed
for the first method can be applied for this case too. A
slight modification concerning the initialisation of the
algorithm is then the only required change.

Before we present the second method, we will discuss the
method as presented by vaN QosteroM. This method has
been shown 1o be successful, as some MECG-ree foctal
signal is obtained in most cases, but has in our opinion
some importlan! drawbacks. First, visual inspection of the
dalta signals for the selection of those intervals that contain
only a maternal and a foetal QRS-complex hampers an
efficient automation of the procedure. Secondly, the pro-
cedure comprises lwo separate steps, an MECG-
elimination step and an FECG-detection step. In the
second step an MECG-free foetal signal may be found.
However, this signal is only optimal with respect to the
restricted complementary subspace, found from the first
step, and not ‘the’ optimal MECG-free foetal signal that
~ould possibly be found from the recordings. It can indeed
nappen that the foetal heart has contributions in the sub-
space, assigned to the maternaf heart (see first step of the
procedure), such that together with the MECG-
elimination, a part of the foetal signal disappears. Thirdly,
the determination of the dimension of the maternal sub-
space is also very critical, as an overdetermination of it can
cavse an important reduction of the complementary sub-
space, in which one searches for an optimal linear com-
bination afterwards. And finally, the method is very
sensitive 1o ithe choice of the selected intervals, Especially,
the selection of a malernal QRS-interval is quite difflicult,
because of the more frequent occurrence of a foetal QRS-
complex.

We will now present a somewhal different approach to
the same method, which will allow us to design an online
version for it. Compose a matrix M,, as a sequence of
scveral {(5-10) maternal QRS-intervails, selected from the
data matrix M. Some of these intervals may contain a
P-wave, while others aiso contain a T-wave, such that the
subspace associated with the maternal heart is described
much better than before, when only onc maternal QRS-
complex was selecled. Then compute the SVD of My, and
partition the left singular matrix Uy into

Py P— 0y
10
Uy = (U, Up (19)

with ry, the estimated dimension of the maternal subspace.

Instead of selecting a foetal QRS-interval, we now
project the whole data matrix M onto U,, the complement
of the maternal subspace

A{p LAY N UTM (“)
This mairix 4 then contains no MECG contribution any
more, and if the foetal signals are sufficiently strong
(relative to all other unwanted signals present in the
recordings), then the direction of maximum oriented
encrgy of A, found as u,,, provides the MECG-Iree linear
combination of the p — ry, sipnals in A.

This slight modification of the algorithmic scheme
allows the application of the same online strategy as deve-
loped in the first method. In a first step the p recorded
signals in M are reduced to p — ry MECG-free signals in
A by projection onto U,. For the second step the online
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adaptive algorithm can then be applied to the matrix A to
meet time-variance due to foetal movements. Experiments
furthermore showed that the subspace, defined by the
maternal heart, is nearly time-invariant, such that the
matrix U, has to be computed only once at the beginning
of the experimeny, This p x (p — r),) matrix U, can then be
used to initialise the U-matrix in the online algorithm, as
U,=U,.

3.2.1 Results: This new online approach to vaAN
OostrroM’s method has not yet been tested extensively,
but for ali of the examined data sets it gave very satislying
results, The method has been applied to a set of five
abdominal recordings, shown in Fig. 5. The resultant
MECG-free foctal signal is shown in Fig. 6.
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Fig. 5 Set of five recorded abdominal signals (interval of 6s),
contatning a mixture of MECG and FECG
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Fig. 6 The MECG-free foetal signal obtained by applying the
two-step SV D-procedure 1o the five abdominal signals of
Fig. §

3.2.2 Advantages:

(@) The application of the on-line adaptive algorithm in
the second step becomes possible now.
(h) The subspace associaled with the maternal heart is
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described better by taking more than one maternal
QRS-complex into account.

{¢) Recordings with a reference electrode and standard
electrode positioning can be used.

(dYy Good method if a foetal trigger has to be obtained,

3.2.3 Disadvantages:

{a) There is a more complicated initialisation of the online
procedure than for Method 1.

(b) Concerning the foetal signal-to-noise ratio, it is
expected that this method is suboptimal in the same
way as VAN QOSTEROM's method is.

(c) No principal signal is obtained.

{d) Only one signal {not a complete electrocardiogram) is
obtained,

{e) The determination of ry still poses important prob-
lems.

3.3 Method 3 GSV D-based signal separation method

From Appendix | we know that the GSVD of the pair
(A, B) looks {or non-orthogonal directions x; of extremal
oriented signal-to-signal ratio. Let o /f}; be the gencralised
singular values of A and B, arranged in non-increasing
order. Then the column x; of X in the GSVD of (A4, B) (see
eqn. 19) is a vector for which the oriented energy of matrix
A is o/ f3; times larger than the oriented energy of matrix B
{cf. concepts of signal-to-signal ratio, DE Moor et al,
1987).

Therefore, arrange the p recorded potential signals in a
p x q data matrix M and compose a matrix B as a
sequence of several maternal QRS-intervals, not coinciding
with foetal complexes. This means that the matrix B only
contains contributions {from the unwanted signal, the
MECG. The GSVD of the matrix pair (M, B) can then be
written as

M= XD\ U}

B=X"TD,U} {12)
All columns of X provide, alier normalisalion, a linear
combination of the p recorded potential signals, in which
the oriented signal (in M)-to-signal {in B)-ratio is extremal.
Only some of them contain an MECG-{ree foetal heart
,signal. Concerning the computation of the X matrix in the

GSVD of a matrix pair {4, B), a very important observa-
tion is stated in the following theorem.

3.3.0 Theorem I: Four-step method for GSVD computa-
tion: The computation of the X-matrix in the GSVD of a
matrix pair (A4, B) can be performed by the following four-
step method (PARLETT, 1980):

Step 1: compute the SVD of B

B= Uy, V}

Step 2: define a transformation @ = ;' U} on the
matrix A such that

QA=A*=X,'UT A
Step 3: compute the SVD of A*
A* = (UHEHVHT
Step 4: compute the X-matrix in the GSVD of (4, B) as

X =QTU% = U x; ' U
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3.3.2 Proof: Suppose that the GSVD of a matrix pair
(A, B) is given by eqgn. {19), then :

AAT = X "D X!
BB = X Tpix! (13)

In other words, the p x p matrix X diagnalises both AAT
and BBT. The corresponding generalised symmetric eigen-
value problem then has the following formulation:

AATx, =}, BB'x, (14)

with A; the jth generalised eigenvalue. In the first step of
the procedure the SVD of B is computed, such that

BB = Uy LU= 07'Q77 (15)
Substitution into eqn. (14) then gives

AA™x, = 2,010 Ty, {(16)
This can also be wriilen as

(QAATQNQ Tx) = A(Q Tx) (17

and this is nothing more than a normal syminetric eigen-
value problem. Diagonalisation with an orthonormal
matrix U4 of the symmetric matrix QAA™Q" and compari-
son with the first line of eqn. 13 results in

X=Qt=UZ;'U; (18)

As already mentioned, experiments showed that the trans-
fer for the signals coming from the maternal heart is nearly
time-invarianl, such that the matrix B has to be con-
structed and decomposed only once as a kind of initial-
isation. The rest of the method can again be performed,
using the online adaptive strategy, but now with an initial
projection matrix equal to U, E,; ', which is now a non-
orthogonal matrix.

3.3.3 Results: This method too has siill (o be tested
cxhaustively, but in all cases cxamined up till now, the
results were very promising. The same technique is now
used for the enhancement of speech signals in the presence
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Fig. 7 Two MECG-free signals obtained with the GSV D-based
signal separation method as x] M and x§ M respectively,
where M is the data mairix of Fig. 4

of stationary noise, The method has been applied to the
five abdominally recorded signals of Fig. 5 and results in
two MECG-free foetal signals (Fig. 7).

3.34 Advantages:

(a) The application of the online adaptive algorithm is
possible, such that can be dealt with time-variance due
to foetal movements,

(b) The obtained signals are optimal with respect to extre-
mal oriented signal-to-signal ratio.
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‘) Recordings with a reference electrode and standard
electrode posilioning can be used.
{(d) Good method if a foetal trigger has to be obtained.

3.3.5 Disadvantages:

(a) For this method too a rather complicated initialisation
of the online procedure (visual selection of data
intervals) is required.

{h) No principal signals are obtained, because the signals
are not orthogonal.

4 Conclusion

This paper presented threc SVD methods that can be
used for the separation of foetal and malernal electrocar-
diograms recorded from electrodes on the maternal skin.
The first method is based on a simple SVD of the data
matrix M that contains the measured potential signals. It
finds directions that are optimal with respect to exiremal
oriented cnergy. One of the big advantages of this method
is the possibility for an online: computation strategy that
can be used in a real-time implementation. In contrast
with other methods, this technique also requires, besides
abdominal electrode signals, signals measured at a far dis-
tance from the foetal heart.

The second technique applies a two-step SVD pro-
cedure. This technique is successful as far as MECG-
elimination is concerned, but suboptimal with respect to
foetal signal-to-noise ratio {only optimal in the limited
complementary subspace). Alter slight modification of its
initialisation step, the online adaptive algorithm becomes
applicable for this method.

A third new technique based on the signal-to-signal
ratio concept has been proposed. Now the generalised
SVD is used to find some non-orthonormal directions that
are optimal in the sense of extremal signal-to-signal ratio.
Also, for this method, the same adaplive online SYD-based
algorithm can be used,
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Appendix 1

Singular value decomposition and the generalised singular value
decomposition: basic theorems

This section presents the basic theorems of SVD and GSVYD,
For this purpose, the following characterisations, restricted to
real matrices, will be suflicient, In these characterisations, the
‘economical’ factorisation, where the pscudodiagonal matrices are
replaced by square diagonal ones, is preferred.
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Theorem 2 Autonne-Eckhart-Y oung theorem
For any reai p x ¢ matrix A, there exists a real laclorisation

Apo=U, B0 VT

PPTDP 2aq
in which the matrix U is orthogonal (UU" = U'U = 1), the
matrix ¥ contains p orthonormal columns (F*# = 1) and X, is
a real diagonal matrix with nonnegative diagonai elements, called
the singular values o, of the matrix A (GoLus and van Loanw,

1983).

Thearent 3 Generalised SV D

letAbeapxqgand Bapxkmatrix {p < ¢ and p < k), then
there exist matrices U {g x p) and Uglk x p), both with p ortho-
normal columns, and a non-singular p x p mairix X such that

A=XTD, U
B=X"D,U}

where D, = diagle,,..., o} and D, = diagi#, ..., Bo) (o, By 2
0), are square diagonal p x p matrices and o,/ff, 2 o,/ 2 ... 2
o /B, v = rank (B)

(for p < q)

{19

For proofs see GorLun and van Loan (1983). The elements of the
set a(A, B)=(a,/B,,..., o,/f},) arc referred 1o as the generatised
singular values of A and B.

!Appendix 2

Concepts of oriented energy and signal-to-signal ratio

This section introduces the concepts of oriented enerpy and
oriented signal-to-signal ratio of a vector sequence and shows
their refations with SVD and GSVD.

Definition I: Oriented energy:

Consider a sequence of p-vectors {m,}, k = 1,..., ¢ and arrange
them as the columns of a p x g matrix A. Then £,[A], the encrgy
ol the vector set in the direction of unil vector ¢ € 487, is defined
as

q

E[A] = } (e"a,)’ = |l A]?

k=1

(20)

There exists a relationship betwcen the singular values and
vectors of the matrix 4 and its directions of extremal oriented
energy as follows;

EfAY = | u] A = o}

where u; is a column vector of U in the SVD of A and g, is Lhe
sorresponding singular value of A. For proof see STAAR {1982),
[VANDERSCHOOT ef al. (1983; 1984), Dt Moor et al. (1987), DE
Moor (1988). Moreover, we know from linear algebra that each
u; contains the coefllicients of a linear combination of the rows of
A, such that JuJAATw) = (jul A})? reaches an extremal value,
which equals af. In other words, the columns u,, of the U-matrix
in the SVD of A provide directions in the column space of A for
which the oriented energy is extremal. Therelore, the SYD of a
matrix A finds r, = rank (A} orthonormal directions of extremal
oriented energy.

2y

Definition 2 Oriented signal-to-signal ratio

The oriented signal-to-signal ratio RA, B] of two sets of p-
vectors {a,} and {b,}, (k = 1...., g), in the direction of unit veclor
e AT, is defined as

EfA] _lle'd)?

(B~ 1B 22)

R,{A, B] =

In analogy with the oriented energy-SVD relationship, a relation-
ship between the oriented signal-to-signal ratio concept and the
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GSVD exists: if the GSVD of maltrices A and B is given as in
Theorem 3 then

A x;
RJA B]1={2 for ¢ = —
4 L (B:) hx

For prool see DE Moor et al. {1987), D Moor {1988), VANDE-
WALLE and CALLAERTS (1988). Applicd te the signal separation
problem, this can be interpreted as follows: assume that A con-
tains p signals that are all disturbed by an unwanted signal, while
B contains only contributions from the unwanted signal. The
GSVD of the matrix pair {4, B then looks for directions in the
column space of A4 and 8 for which the oriented ratio of wanted
signal to unwanted signal is extremal, This was iHustrated for the

FECG-MECG separation probiem (see Method 3).
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