Proceedings of the

1993 American Control Conference

The Westin St. Francis Hotel, San Francisco, California .
June 2-4, 1993

Sponsoring Organization
The American Automatic Control Council

U.S. National Member Organization of the
International Federation of Automatic Control (IFAC)

MEMBER ORGANIZATIONS

American Institute of Aeronautics and Astronautics
American Institute of Chemical Engineers
Association of Iron and Steel Engineers
American Saciety of Mechanical Engineers
Institute of Electrical and Electronic Engineers
Instrument Society of America
Society of Computer Simulation

The 1993 ACC is held in cooperation with f/FAC

Volume ! of 3

&







WM1 - 12:20

H, controller design with an H, bounded controller

Johan David?
Department of Electrical Engineering

Bart De Moor?

Kardinaal Mercierlaan 94

tel: +-+32/16/220931
email: david@esat.kuleuven.ac.be demoor

Abstract

In this paper the minimization of an Hy norm is con-
sidered, w%en the controller is restricted to be linear,
stable, finite dimensional and Ho-norm bounded. It
is also shown how this can be used in the design of a
mixed Hy/Heo controller.

1 Introduction

In recent years there has been a lot of interest in the
mixed Ho/H o design problem (e.g. [1]-[6]), This prob-
lem is stated as minimizing an Ha-norm subject to the
constraint that an Heo-norm inequality has to be sat-
isfied. In most papers, however, not the real Ha-norm
is minimized but an upper bound. In this paper an
other problem is considered first. The Ho-normn of a
transfer function should be minimized using a linear,
stable, finite dimensional controller that satisfies an
H..-bound. Necessary conditions for this problem are
derived, using a parameterization of this set of con-
trollers of Steinbuch and Bosgra [5]. This can then be
used to find controllers of a certain finite dimension
that minimize a Ho-norm subject to a Hg-norm con-
straint, as in the case of the general mixed Ha/Heo
design problem.

92 Parameterization of H, norm

bounded transfer functions
In [5) Steinbuch and Bosgra describe a parameteriza-
tion for strictly proper, stable, norm-bounded finite

dimensional transfer functions:
Let the set Q.‘; be defined as

0 = {F(s) [IIF(sHleo <7 F(5) stable, real rational,

strictly proper and of McMillan degree < n}
and consider the set {1,
_ -1 _ Y g
0y = {C(s] —A) ' BlA = Ay + A Ay = =57 BB
_%cfc, Ay = —AT € ™" B e R, C g R™*")

Proposition 1 [5]: Oy = Q5.
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3 H, optimization with an H,
bounded controller .
n this section necessary conditions are derived for:
H..-norm bounded controller that minimizes an H,
norm. We will call this problem a constrained H.
problem. s

Consider the following linear, time invariant plant:

# = Azr+ Biw+ Bau
z = Ciz+ Dpw+ Dy
¥ = CzE + Dg;‘w + Dggu

Now find a dynamic, stable, strictly Kroper, H w—nﬁﬁh
bounded controller K, u = Ky, that stabilizes the
closed loop and such that the Hz-norm of the closed &

loop transfer function from w to z is minimized. K3
has to belong to §,. Without loss of generality v can

be taken ¥ = 1. The state space realization of the
controller 1s then:

., = Acze+ Bey

u = Cex. 2)

To make the 2-norm of the closed loop finite, Dy has to
be 0. For notational reasons, we also assume Da; = 0.
This is not a limitation, as the controller is strictly
proper. This is shown e.g. in the paper of Glover and
Doyle on He, control {7},

From (1) and (2) the state space realization of the

closed loop can be derived (D11 = 0 and Dag = o)

(£)=(aie, ) (2 ) (

BCC'Z Ar_
z=(C DuCo)( f )

B;BDl'zt ) v

Define
A= ( B:d‘Cg_ le?c ) B= ( BcBﬁn )
C=(C Dy,C. )

The control objective can be expressed as minKeni

trace{T TS} where S is the solution of AS+SA +

Emgi = 0. Necessary conditions for this problem are
given in the following lemma:

Lemma 1 Necessary conditions for the constrained Hy
problem.

Given the stafe space realization of (1), a stable,
finite dimensional, strictly proper conlroller K, with
Heoo-norm smaller than I, that stabilizes the closed loop







r

and minimizes the Hy-norm of the closed loop transfer
function from w fo z satisfies the following equations:

AS+SA'+ BB =
PA+AP+TT

(P Pa)(85)=Cst osn)(B)

i+ 2BB+ 1CLC. =0

-1
po= (st sa)(F2)]7 (P Pa) () )
Cc( S{g 522 ) ( g;: ) —D§2D120c322

= D,Ci82 + B3 ( Py P )( f.;: )

where A, = A, + Ax with A, = A} and Ay = ~A}.
S and P have to be posilive definite S > 0 and P > 0.
The inverse has lo exist.
The proof is straight forward using Lagrange multipli-
ers. .

4 Application to the mixed
Hy,/H,, problem

Using the above solution for the constrained Hj prob-
lem with dynamic output feedback, the general mixed
Hy/ Ho problem can also be solved.

It is well-known that in general there is a set of solu-
tions to the suboptimal H,, control problem {7], Fi]. i
there exists a solution, of course. Without loss of gen-
erality the H,, control problem can always be solved
such that the H.-norm of the closed loop is smaller
than 1. The set of controllers satisfying this condi-
tion is parameterized by a controller generafor and a
feedbacﬁ Q. Where @ is a stable, Ho-norm bounded
transfer function.

This is used to solve the mixed Hy/Ho control prob-
lem. The state space realization is:

g = Az + By,w + By,ws + Byu

n = Cue+ D,wwi+ Dyw,we+ Dyl (3)
Zp = Cg;,z: + DJQUJ]_wi + Dl:an2 + Dz:l"

y = Cyz+ Dyuw,wr + Dyu, w2+ Dyyu

Find a controller such that the closed loop from

(wr wp )’ to{ 1 )' is stable, {|T:,w,||2 is min-
imized and ||T,w 1]00 < 1. The idea is now to caleu-
late first the controller for the Hoo part of the problem.
Thus check if the Hy, suboptimal problem is solvable,
based on ws, u, 2z and y. If so, tﬂe controller gener-
ator, that is also a generalized system, is attached to
the plant (3). Now concentrate on the H; problem.,
Within the set of controllers that stabilize the closed
loop and satisfy the H,, condition [E"Z,w,[lm < 1, find
the controller that minimizes the Hs-norm of 'I",m.
Therefore, we search for the transfer function @, r =
Qu, that minimizes the Hy-norm from z; to w,.

The transfer function @, however, should be such that
1t doesn’t destabilize T, and keeps the H-norm

less than or equal to 1. "Therefore, we know from the
H., control theory, that Q has to be a stable transfer
function such thathIIQ[Eoo < 1.

To obtain a finite

needed:

o-norm the following conditions are

1. D;\w, =0. .
2. Q has to be strictly proper. A state space real-
ization of Q is then:

&, = Agz, + Byv
r= Lg%y

Thus @ has to be stable, strictly proper and H-norm
bounded }LQ“OO < 1. Thus @ has to be an element of
91.1.83, the procedure explained in section 3 can be
applied.

Fix)nd Q € O, such that Ty, is stable and IiT“w 133
is minimized. The closed ioop will be stable. 18
is ensured by the H, theory, if there is a stable solu-
tion ({A, By, Cy) has to be stabilizable and detectable).
The Ho and Hy » part have the same feedback loop. So,
if Ty, is stabilized so will be T3, .

From this derivation, it should also be clear that the
lowest possible Ho, norm, is the lowest possible norm
that can be achieved for the Hy-problem for Ty,,,,.

5 Conclusions

In this paper we showed how the mixed Ha/H, prob-
lem can be solved over the set of linear finite dimen-
sional controllers. It is possible to solve this problem
by first solving an H., problem and then solving a
constrained H; problem. Necessary conditions for the
constrained Hs problem are derived.

Numerical calculation based on a quasi-Newton opti-
mization give a satisfying result. However, due to space
limitations, these are not discussed further.
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