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Abstract

Prediction error learning algorithms for neural state space models are developed,
both for the deterministic and the stochastic case with measurement and process
noise. For the stochastic case a predictor with direct parametrization of the Kalman
gain by a neural net architecture is proposed. Expressions for the gradients are de-
rived by applying Narendra’s sensitivity model approach. Finally a Linear Fractional
Transformation representation is given for neural state space models, which makes it
possible to use these models, obtained from input/output measurements on a plant,

in a standard robust performance control scheme.

Keywords: Artificial neural networks, state space models, prediction error algorithms,
Extended Kalman Filtering (EKF), sensitivity models, Linear Fractional Transformations

(LFTs), robust control.



1 Introduction

The use of artificial neural networks in the context of control theory is motivated by the
facts that any continuous nonlinear function can be approximated arbitrarily well on a
compact interval by a multilayer feedforward neural net with one or more hidden layers,
their ability of learning and adaptation, parallel distributed processing and possibility for
efficient hardware implementation (Hunt et al.(1992)). In Chen et al.(1990a,b) identifica-
tion methods are already proposed for input/output models, parametrized by multilayer
feedforward neural networks. In the present paper prediction error algorithms are devel-
oped for general nonlinear state space models, parametrized by feedforward neural nets
(simply called neural state space models here), for the deterministic identification case as
well as for the stochastic case with process noise. In the predictor proposed for the latter
a direct parametrization of the Kalman gain by a neural net architecture is made in in-
novations form. The advantage of a direct parametrization is revealed by the derivation
of a Narendra’s sensitivity model for generating the gradients of the cost function in the
identification scheme (Narendra and Parthasarathy (1991)). These expressions are consid-
erably simpler than for a parametrization based on the Extended Kalman Filter, which has
the disadvantage of a complicated dependence on the parameter vector through a Riccati
equation. The expressions for the stochastic case become then a natural extension for those
of deterministic identification with a simulation model as predictor.

After discussing identification methods for neural state space models, it is shown how
an LFT (Linear Fractional Transformation) representation can be derived for these models.
Such LFTs are frequently used in modern robust control design (Dahleh and Khammash
(1993), Doyle et al.(1991), Packard and Doyle (1993)). The neural state space models can
be interpreted as a nominal linear system with bounded nonlinear feedback perturbation
and in the stochastic case also corrupted by a white noise innovations sequence. The need
for identification schemes that are able to estimate models which can be interpreted as
such is e.g.expressed in Smith and Doyle (1992), Packard and Doyle (1993). Hence LFTs
for neural state space models may bridge some of the existing gap between system identi-

fication and control design.

This paper is organized as follows: in Section 2 several neural state space models are
introduced as parametrizations for nonlinear predictors for both the deterministic and
stochastic case. Section 3 discusses prediction error learning algorithms for neural state
space models, sensitivity models for generating the gradients of the cost function, together
with some heuristics. In Section 4 LFTs for neural state space models are derived and
finally in Section 5 an example is given on identification of a nonlinear interconnected

system with hysteresis, corrupted by process and measurement noise.



2 Neural state space models
Nonlinear discrete time systems of the form

{ xk-l—l = fo(xlﬁuk) —I_vk (1)
e = go(ag, ur) + wy

will be considered, with input vector u, € R™, output vector y, € R' and state vector
rp € R" vy €R", wy € R! are respectively process noise and measurement noise and are

assumed to be zero mean white Gaussian noise processes with covariance matrices

| = 2 5 o 2)

It is assumed that fy and gy are continuous nonlinear mappings.

Predictors for the deterministic as well as for the stochastic identification case will be dis-
cussed now, together with corresponding parametrizations by a neural network architecture
in each of these cases.

2.1 Choice of predictors

In the case of deterministic identification (vy = 0, w, = 0) a simulation model (Ljung
(1987) p.133) can be chosen as predictor

Tpp1 = [T, up; ) ; o = 2o given
9) :
SUR B it 3

with model structure My and set of models M5 = {My(0) | 0 € Dap,}. Given N

input /output data Z" a prediction error algorithm aims then at minimizing the cost func-

tion
N 1 &
Ww(0,27) = + > len(9)) (4)
k=1
with solution
Oy = arg min VN(G,ZN). (5)

Here €(0) = yr — yr(0) is the prediction error and [(e;) is a scalar valued positive function
(typically I(ex) = Se€jex).

In the stochastic case (v, # 0, wy # 0) one possibility for choosing a predictor is to
consider the Extended Kalman Filter (EKF) for the system (1). The EKF will give an
estimation of the state of system (1) by linearizing it around a reference trajectory. In
fact it can be thought of as a restricted complexity filter which is constrained to have a
similar format as that used for linear systems (Goodwin (1984) p.294). This filter is not an
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optimal state estimator in general, but nevertheless frequently used in many applications.
Linearizing the nonlinear system (1) around x; = &, vy = 0, wy = 0 and applying the
Kalman filter to the resulting time-varying linear system leads to the extended Kalman

filter (Goodwin (1984) p.293,p.307):
Tpp1 = f(@p,up; 8) + Ki(0)e ; &9 = 20 given
, U = g(Zp,up0)
Mkt D3 go(0) = (B(0)Su0) 10) + SO O 0 i 0) + B
Skt = F(0)XpFR(0)" + Q(0) — Ky (0)[Hin(0) Xk (0) Hi(0)1 Kk (0),
where

af(xkauk§0) ag(xkauk;e))

Fk((g) = al‘k |l’k=i’k ) Hk((g) = 6—:1;k |l’k=i’k (7)

and K (0) is the Kalman gain. The covariance matrices ), S, R are parametrized by 6.
is given. In this case the optimal solution to the prediction error algorithm is:
éN = arg min VN(G,ZN). (8)
g Ms,ekf
Following the argumentation in Goodwin (1984) p.307,pp.366-367, in Ljung (1987) p.88
or in Ljung (1979) a feasible alternative to the EKF is a direct parametrization of the
Kalman gain, rather than indirectly via the Riccati equation, which eliminates a great

deal of complexity in fitting the predictor to the data. In that case we have a predictor in

innovations form

A — o 0 [7 0 Lo — .
Misiean(0) { b = flinu0)+ K(0)e; o = ao given o
e = g(ZTr,up;0)
with as optimal solution to the prediction error algorithm
éN = arg eeDrAr/lljﬁirect Vn(o, ZN)‘ (10)

2.2 Parametrizations by feedforward neural nets

For each of the model structures My, M .1y and M, 4ircr parametrizations by neural nets
will be proposed now. Such parametrizations make sense because any continuous nonlinear
function can be approximated arbitrarily well on a compact interval by a multilayer feedfor-
ward neural network with one or more hidden layers (Cybenko (1989), Funahashi (1989),
Hornik et al. (1989), Leshno et al. (1993)). The nonlinear mappings are parametrized now
by multilayer feedforward neural networks with one hidden layer. The following choice of

predictors is made:

Md(H) ) { T = Wyap tanh(VA:i'k + Veuy + ﬂAB) ; To = Xg (11)
' g = Weptanh(Vedy + Vpuy 4 Bep)
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with

0 = [Wap(:); Va(:); Va(2); Bas; Wen (2); Ve (2); Vb (2); Bep)! (12)
and
Tpp1 = Waptanh(Va2y + Veug + fap) + Ki(0)er ; 3o = o
' yr = Weptanh(Veay + Vpuy + Bep)
Mokt O g0y = BOSO)1,0) + SONIOS0) 1,0y + Ry
Sin = FOSeF0) 1 QUO) — K(O)[H(0)Se(0)H(6)]5,(0)
with
0 = [Wap(:); Val:); VB(:); Bas; Wep (2); Vo (2); Vb (1); Bepi 0g; 053 0R] (14)

where 0g, 0g, O0r denote how (),5,F are parametrized and finally

M., . { Tpp1 = Waptanh(Vady + Veug + Bap) + Wi tanh(Vier) 5 &0 = 20
sdirect(0) : . A
g = Weptanh(Veidy, + Vpuyr + Bep)

(15)
with

0 = [Wap(:); Va(:); VB(2); Bas; Wobn(1); Vo (1); Vb (2); Bop; Wi (1); Vi (4)]-

It will be shown later on in Section 4.2 in what sense precisely (15) can be interpreted as
a direct parametrization of the Kalman gain in innovations form. The dimensions of the
interconnection matrices and bias vectors are Wyg € R" eV, € RMhaX7 Vg € RMhaXT
Bap € B, Wep € R, Vo € R™WX0 V) € R Bop € R, Wi € RPXhe,
Vi € R™<! where the number of hidden neurons of the neural network architectures are
Nhay Nhy and npe. The predictors (11) and (15) are shown in Fig.1 and Fig.2.

Remarks:

e The parametrizations in (11)(13)(15) are not minimal. Like for linear state space

models, which are only unique up to a similarity transformation, we have e.g. for

Mq(9)

{ Zky1 = TWagtanh(VaT 12, 4+ Veur + BaB) ; %0 = 20 (16)
g = Weptanh(VeT 12, + Vpug + Bep)

with new state vector 2z, = T'z,. If we assume that n,, > n this means that the

total number of parameters in # can be reduced by the amount n%. Indeed if V) is

partitioned as

LAs activation function we take the hyperbolic tangent function (tanh(z) = %:—ZQ), which is
p(—2z)
applied elementwise to a vector or a matrix. The Matlab notations ’(:)’ means a columnwise scan of a

matrix and 'z = [#1; 2]’ means a concatenation of the vectors zy and @ to the vector .
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and T'= V4, € R™" is taken in (16), one obtains a new parametrization with
0 = [Wip(); Vi, () Ve(:)s Baps Wep (1); VE(2); Vb (1); Ben]

and WIXB = TWAB, VA; = VA2T_1 and Véf = VcT_l.

It is not investigated in this paper if it possible to reduce the number of parameters
further by considering nonlinear transformations of the state space model. This
aspect is important with respect to the identifiability concept, which concerns the
unique representation of a given system description in a model structure (Ljung
(1987) pp.100,105) and the fact whether two different values of 6 can produce the
same input/output behaviour or not. For linear state space models a minimal number
of parameters is obtained by taking a canonical form, but on the other hand also non-
minimal parametrizations are used in system identification practice such as e.g. for
the algorithms proposed in (De Moor et al. (1991), Van Overschee and De Moor

(1994)) which have advantages from a computational and numerical point of view.

Instead of working with full parametrizations (11)(13)(15) for the nonlinear map-
pings f and ¢ in (1) one can also take partial parametrizations if one has a priori
knowledge on the structure of the state space model (1), e.g. from physical insight.

Parametrizations by neural nets like
Lh41 = WA tanh(VA:L'k + ﬂA) + Buk (17)

and

Lh41 = Al‘k + WB tanh(VBuk + ﬂB) (18)

can be chosen respectively for

Try1 = fi(zr) + Buy, (19)

and

Tpp1 = Axy + folug). (20)

The model structures (11)(13)(15)(17)(18) are called here briefly neural state space
models. In neural networks terminology one would call this recurrent neural networks
(see e.g. Zurada (1992) for an introduction), but from the viewpoint of identification
theory these are state space models, parametrized by feedforward neural networks.
In our opinion the term neural state space models is more suitable for the latter

framework.



3 Learning algorithms for neural state space models

3.1 Optimization problems

Prediction error learning algorithms for neural state space models (11)(13)(15)(17)(18)
will be discussed here. Computation of gradients of the cost function will be based on the
framework of Narendra on gradient methods for the optimization of dynamical systems
containing neural networks (Narendra and Parthasarathy (1991)). Only off-line algorithms

will be discussed. The following nonlinear least squares (NLS) problems must be solved

1. Deterministic identification:

N

1
N
eé%lﬁd Vn(0,7") = I kZ::l [(ex(0)) (21)
subject to the dynamical model for £ =0, ..., N
Tpp1 = Waptanh(Vady + Veug 4 BaB) 5 0 = 0o
yr = Weptanh(Vedy + Vpuy 4 Bep)
& = Yr— Uk
2. Stochastic case with EKF":
N 1
i 0, 7%) = — [(er(0 22
el Vn(0,27) N}; (ex(0)) (22)

subject to the dynamical model for £ =0, ..., N

Tpp1 = Waptanh(Vady + Veug + Bap) + Ki(0)er 5 3o = 0
g = Weptanh(Veidy + Vpuy + Bep)
Ki0) = [F(0)S4(0) HL(0) + S(O)[Hy(8)54(0) (0 + R(O)]~
Yipr = FR(0)ZpF(0)" + Q(0) — Ky (0)[Hp(0)2k(0) Hy(0)] Ky (0)'
€& = Yk — Yk

3. Stochastic case with directly parametrized Kalman gain:

min  Vy(6, ZN Zl (ex(0 (23)

eeDMs,direct
subject to the dynamical model for £ =0, ..., N

Tpp1 = Waptanh(Vady + Veuy 4+ Sap) + Wi tanh(Vier) 5 &0 = 20
yr = Weptanh(Vedy + Vpuy 4 Bep)
€ = Yr— Uk



From the viewpoint of optimization theory there exist several methods for solving these
problems. Fither general purpose methods for unconstrained nonlinear optimization can
be used or methods that take into account the particular structure of the NLS problem,
which is the minimization of a sum of squared residuals. The simplest method is steepest
descent. More advanced are Levenberg-Marquardt and Quasi-Newton methods (see Gill
et al. (1981)), which are Newton-like methods that try to build up curvature information
of the Hessian, based on gradient information only. For large scale problems conjugate
gradient algorithms are to be preferred, because in this algorithm there is no need to store
matrices. For each of these methods one needs to know the gradients of the performance
index Vy with respect to the parameter vector . If we assume that [(¢) = 2e'e (for other

2
choices see Ljung (1987)) the gradient becomes

% _ LZ taék _ ——Z tayk (24)

It will be shown now that the computation of the gradients is straightforward by applying
Narendra’s sensitivity model approach, but only in the case of deterministic identification
and the stochastic case with directly parametrized Kalman gain. The derivation of the
gradient for the stochastic case with EKF predictor is too complex because of the depen-
dency on 0 of the Kalman gain through the Riccati equation. In that case gradients can
be calculated numerically or another optimization method, which is not gradient based,

can be used then.

3.2 Sensitivity models

Given a predictor

Tpp1 = O(Tp,up ) ; To = 20 given
i} . (25)
gk = (&, uk; B)
such as (11) or (15) where a, 3 are elements of the parameter vector § € R?, a sensitivity
model is then a model which generates the gradient vectors % and %.

According to Narendra and Parthasarathy (1990)(1991) such a sensitivity model can be
obtained by taking the derivatives of (25) with respect to o and

Sy _ 00 Dy 0O
da A%y " Do da
g . OW Oy
Ba Bz da (26)
90, _ ¥
33 —  ap

which is a dynamical model with state vector % driven by the input vector consisting

of 8@7 55 and at the output aycf, % are generated (Fig.3). A steepest descent learning



algorithm which makes use of this sensitivity model for computation of the gradients is
called by Narendra dynamic backpropagation, introduced as a complement to the original
backpropagation algorithm (Rumelhart et al. (1986)), which is a learning rule for static
nonlinear mappings. For nonlinear dynamical systems containing neural nets the dynamic
backpropagation procedure must be applied instead.

The derivatives will be given now for the predictor with directly parametrized Kalman gain
(which includes as a special case deterministic identification by setting Wx = 0, Vx = 0).

An elementwise notation for (15) is

2= > wABé tanh(}, val 27 4 S vl ud + ﬂABj) + 3 wKé tanh(}, v €")

§' = Y wep’ tanh(Y, vel & 4+ Y, vpl vt + Bop’),
(27)
where {.}" and {.}! denote respectively the i-th element of a vector and the 7j-th element

:=" is introduced here in order to make it possible

of a matrix. The assignment operator
to omit the time index £.
Defining
Pl o= Yeva T+ vpiut + B
Y= Y,ve, 4 Lavpsu + Bep (28)
plo= Lok,

one obtains the following derivatives

ajf;{ = §! tanh(y')
2% = wap) (1~ tanh? () &
1 i ]

20 o2 = wag) (1 —tanh’(p) o'
- 5y = was) (1 —tanh?()))
a?ig = §! tanh(p')

2 = g (1 - tanh®(p))) ¢

oy = 6 tanh(y) (29)
o . aauq:; = ché(l—tanhQ(W)):ﬁl
T 2 = wenp (- tanhi(@)ul

1 i ]

Ty = wepj (1= tanh?(p))
20 2% 5wt (1 — tanh?(p))) val
% : g—g =3, wcpé (1 — tanh®(¥?)) v
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In fact one can interpret the predictor with its corresponding sensitivity model as one
augmented system, that generates gy as well as % at its output. Such an extended
network model was also defined in Chen et al. (1990a,b) in the context of input/output
models parametrized by feedforward neural nets.

There is also the possibility for developing parallel training algorithms for the neural state
space models because for each of the p parameters a, 3 of the parameter vector § one has a
simulation of the sensitivity model over N samples. These p simulations can be distributed
over the available number of processors. Parallel algorithms for input/output models were

also discussed in Chen et al. (1990b).

3.3 Heuristics

The nonlinear optimization problem (21)-(23) has in general many local minima. Hence
one has to start from several initial parameter vectors in order to have some confidence in
the quality of the obtained local optima. Two heuristics are proposed here how a priori
knowledge can be used for generating meaningful starting points for the identification
procedure: initializing neural state space models as linear state space models (which makes
sense for weakly nonlinear systems) and learning complex neural state space models from

lower complex ones.

3.3.1 Linear models as starting points

Suppose a linear state space model is available in innovations form (Ljung (1987) p.87 or

Ljung (1979))
with F{epel} = Adgs (A diagonal) and ¢; = yr — . Taking the neural state space model
(15) with directly parametrized Kalman gain initially as

A B
Wap = o[l R, [Va Vel = o 0 0 ] , Bap =0; (npe 2 n)
. [ C D
Wep = -[li Be],  [Veo Vp] = a 0 ol Bep =05 (npy > 1) (31)

Wi = a%,[]” R3], Vi = as l [S ] ; (nhe = 1),

where aq, ag, a3 are small positive real numbers and Ry, Ry, R3 are arbitrary matrices of

appropriate dimension, (15) behaves as the linear model (30) for oy, az, a3 — 0. Indeed
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for bounded input and state vector sequences one obtains

. A B T 0 K
Tpi1 = a%[]n Rq]tanh(oy l 0 0 ] l uz ] + l 0 ]) + a%)[]n Rs]tanh(as l 0 ] €x)
a17oé_>0 Ai‘k —|— Buk —|— I(Gk
C D T 0
j = L[, Ry|tanh
o = ]S 2][2]4[2)
a2;0 Ci‘k —|— Duk,
(32)
which follows immediately from the Taylor expansion of the activation function
1 2 17 T
tanh(z) =2 — =2+ —2° — —a" + ... — 33

where tanh(z) ~ « for |x| — 0. This means that results from linear system identification

can be used to initialize neural state space models in the local optimization scheme.

3.3.2 Learning complex neural state space models from lower complex ones

Suppose some neural state space model is already available (e.g. a model with a low number
of hidden neurons, characterized by WEB), Vf), Vél), ﬂj(;];, Wé%, Vc(l), Vl()l), ﬂ(cll))) and one
would like to decrease the fitting error by introducing extra hidden neurons in the model.
The more complex neural state space model (WXB), Vf), V]éZ), ﬂf];, ng, VC(Z), VISZ), 6(021)))

has then the same input/output behaviour as the lower complex one if one takes

RUCIRTOR F 50
W= Wi R Vv = | T YL | e
RTOIRTOR (1)
LR 7 S ) o I I R I CTY
@ _ ) o _ [V
Wi :[ K RB] ) Vi’ = 0

with Ry, Rs, R3 arbitrary matrices of appropriate dimension.
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4 LFT representation for neural state space models

An LFT representation will be derived now for the neural state space model with directly
parametrized Kalman gain, which is the most general case. The derivation of an LFT for
the other neural state space models such as the predictor in the deterministic identification
case (11) and partial parametrizations (17)(18) is straightforward then because they can
be interpreted as special cases. LFT representations for neural state space models were
first introduced in Suykens et al. (1993).

4.1 Motivation

Modern robust control theory makes frequently use of LFTs such as in the formulation of
the standard robust stability and standard robust performance control problems, where
uncertainties are pulled out of an augmented plant model for which a linear controller is
designed, taking into account the structure in the uncertainty block and the nature of the
uncertainty (such as time-invariant, time varying and nonlinear perturbations, unmodeled
dynamics) (Dahleh and Khammash (1993), Doyle et al.(1991), Packard and Doyle (1993)).
On the other hand there exist the well-known gap between identification and control that
comes up if one has to design a controller for a plant, based on identification results from
input/output measurements on that plant. The need for new identification schemes that
can bring estimated models in the framework of u-theory is e.g. expressed in Packard
and Doyle (1993). According to Smith and Doyle (1992) the application of robust control
methods is also hampered by the fact that most popular identification methods assume all
uncertainty in the form of additive noise, while modern robust control synthesis techniques
aim at providing robustness with respect to uncertainty in the form of both additive noise

and plant perturbations.

A candidate method proposed in this paper is the following

1. First nonlinear system identification is done using neural state space models. Both
measurement and process noise can be taken into account in the model structure. The
number of models that can be represented in the model structures M, and M jirees
is large, which makes the assumption that the true plant can be represented in the
model structure more reasonable (an assumption which is almost always violated in

practice for linear models).

2. An LFT representation is derived for the obtained neural state space model. The
nonlinear model is represented here as a nominal linear model with bounded non-
linear feedback perturbations (to be interpreted as a linear model with parametric

uncertainties caused by nonlinear perturbations). In fact two levels of uncertainty are

13



important here: the first level is the uncertainty characterized by confidence intervals
on the estimated parameter vector 6y for the true parameter vector y; the second
level is that the obtained model can be represented as the uncertain linear model.

We will only focuss on the second level in this paper.

3. Finally the LFT representation is used in a standard robust performance control

scheme, assuming the certainty equivalence principle holds. If not ok, go back to 1.

In fact it is assumed here that the obtained neural state space model is valid in the

following senses

1. The prediction error must be unpredictable from all linear and nonlinear combina-

tions of past inputs and outputs. Methods for checking this are discussed e.g. in

Billings et al.(1992).

2. The obtained neural state space model must perform well on fresh data, that were
not used for identification. This the most popular way of model validation in the field
of neural networks, where the available data set is normally splitted into a training
set and a test set and a performance index is defined on both sets, respectively called
fitting error and generalization error (see Hammerstrom (1993) or Zurada (1992) for
an introduction). In Ljung (1987) p.416 this is also considered to be a good and
pragmatic way of model validation, because there is no need for any probabilistic

arguments or assumptions on the true system in this case.

3. It is assumed that the obtained model is also valid in the sense of Smith which
means that given experimental data and a model with both additive noise and

norm-bounded perturbations, the model can produce the observed input-output data

(Smith and Doyle (1992)).

Besides the possibility for using the LFTs in robust control design, the representation
provides us with more insight in the neural state space models itself such as e.g. how the
model (15) can be interpreted as a model with direct parametrization of the Kalman gain

in innovations form.
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4.2 Derivation of LFTs

Using the elementwise notation (27)(28) for the predictor (15)

{ Tpp1 = Waptanh(Vady + Veug + Bap) + Wi tanh(Vier) 5 20 = 20
yr = Weptanh(Vedy + Vpuy + Bep)

we obtain
{ :JZ'Z = > wAB} tanh(c,ofl) + 225 Wi tanh(p?) (35)
g = X, wop’ tanh(yY).
This can be written as
{ :1;2 = 3 UJAB;: ’VABg 99]44 + 3 Wi ’71(? p (36)
g = X, wep’yop; W,
where
j ) (gl #£0)
_— @’ ’ ]
TAB; 1 (! =0); =1, np,
] tanh(y) J 0
I )
1 ST =0) 5 5 =1, np
’7]/']: — tanl;J - 7(pj 7é 0)
t 1 (P =0); 7=1,. 0.

The fact that the v elements are equal to 1 if the argument of the activation function
becomes 0 is easily seen by applying de 1’ Hospital’s rule or by using the Taylor expansion
for tanh(.). These elements have the property that they belong to bounded intervals:
7A3§ € (0,1], ’ch§ € (0,1], 7](? € (0,1]. Turning back again to matrix-vector notation
(36) can be written as

Frp1 = WABFAB(i'ka uk)(VAi'k + Veuy + ﬂAB) + WKFK(Gk)VKGk (37)
g = Weplep (@, ur)(Vodr + Vouk + Bep)
or
{ Tepr = A(Zgsup)le + BTk, ue)up 4 02(Zr, ug) + K(ex)er (38)
U = C(@p,up)ty + D(&g, ur)ug + do(Tg, ug)

with diagonal matrices I' yp = diag{vap], s vaBn b, Top = diag{vcp1, ...,VOD%}, 'y =
diag{vk1, .., Y pte} and

Az, up) = Waplap(Te,un)Va B2k, up) = Waplap(2r, ur)Va
C(zp,up) = Woplop(&k,ur)Ve , D(Zp,ur) = Weplep(Zr, ur) Vo (39)
bo(Zp, up) = Waplap(Zr, up)Ban , do(Zr,upx) = Weplop(&r, ur)Bep
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The representation (38)(39) for the model (15) explains in what sense we have a direct
parametrization of the Kalman gain and how it serves as a straightforward extension of

a linear model in innovations form (30) towards nonlinear systems, especially if S4p = 0,

Bep = 0 making by =0, dy = 0.

The following step for representing (38)(39) as an LFT is to define a nominal model.

Depending on the input and state vector sequences the elements 7AB§, ’yCD?, ’7]«'? belong

’7AB§ S [’VEB; ) ’VXB;] c (0,1]
’}/ODj‘ € [’VED?} ’Vgpj‘] c (0,1] (40)
€ bikpakl o (0,1].

The nominal v values will be defined now as the midpoint of these intervals. The choice

to certain intervals

0,1
0,1

of these intervals is a matter of degree of conservativeness that one wants to take into
account and will depend on the input signals for which the predictor (35) is simulated.
The most conservative LFT will be obtained by setting all nominal v values equal to 0.5
as the midpoint of the intervals (0,1], ensuring independence of the input and state vector

sequence. The following definitions are made (see also Steinbuch et al.(1992))

ﬁ%mj‘ = (%XB; + VXB;)/Q ; SABf = (’VXBé - %XB;)/Q
’Vg(bmi‘ = (75D; + ’731)?)/2 ) SCD?: (’@Dj‘ - ’VED;)/Q (41)
V= (R D2 sk = (0 = )2
and
I5 = diag{7A%™1, ...,’yﬁ%mﬁiz} , Sap = diag{sapl, ..., SABp™ }
Fg’ogb = diag{’yg%m%, ey Vg%mﬁg} ) SCD = diag{SCD%v ) SCDEE} (42)
om — djag{’yﬁom% ...,’yﬁomE:Z} , Sk = diag{SK%v e SKE?Z}
and

Iup =I5 + SapAup . Aap = diag{éas], ..., aBy™}
Pop =Tgp + Sep Acp , Acp = diag{écpy, -, dopn (43)

F]{ = F?{Om —I— SIX" AI( 5 AI( = dlag{&(i, ceey 5Knh€}

Nhe
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with 6457 € [—1,1), dep! € [—1,1], 8k’ € [~1,1], such that ||A4p| < 1, |Acp| < 1,

|IAk]|| < 1. Hence the matrices in (38) can be written as

A(i’k,uk) = Anom —|— Ag(&AB) 5 B(:i’k,uk) = Bnom —|— B6(5AB)

C(:f:k,uk) = Cnom + Cg(&cp) 5 D(:i’k,uk) = prom + D5(50D)

(44)
ba(&p, ug) = 037" + b2 (0aB) ,  do(@k, up) = d3*™ + das(6cp)
K(e) = K™ 4 Ks(8x)
with
Anom = WABFZOBmVA 5 A(S(&AB) = WABSABAABVA
Bnom = WABFZOBmVB 5 B5(5AB) = WABSABAABVB
Cnom = WCDIW&’%HVC 5 C&(&CD) = WCDSCDACDVO
Dnom = WCDIW&’%HVD 5 D5(50D) = WCDSCDACDVD (45)

b?zwm — WABFZOBmﬂAB , 1)25(5143) = WABSABAABﬂAB
d?zwm — WCDFg’%nﬂCD , d25(50D) = WCDSC’DACDﬁcD

K™ = WKF?(Om VK ) [(6 (51() — WKSKAKVK-
Finally an upper Linear Fractional Transformation (LFT) is obtained then for the neural

state space model with directly parametrized Kalman gain (Fig.4)

u
§=TFuGA)| € (46)
1
with state space representation
Anom Brom Jom b?zwm [WABSAB WI(SI( 0] T
Tha1 crom Drem 0 dyer 00 WepSep]
G ?)k = Vi Vi 0 6AB
Gk 0 0 Vi 0 0
| Ve Vb 0 Bep ]
JANE Pk = A.qk ,A:diag{AAB,AK,ACD} ,HAH S 1.

(47)
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An LFT representation for the neural state space model in the deterministic identification

case (Fig.4)

i=siGa) | 1] (18)

can be seen as a special case of (46)-(47) (Wx = 0,V = 0), with state space representation

5 Anom ‘ JBrom bgom [WAB SAB 0] iﬁk
o lf-l-l B (ynom prom dgom [0 WCD SCD] Up
' Uk B Vi Vb Bas 1
qk 0 (49)
Ve Vb Bep Pk
A P = A.q A = diag{Axp, Acp} AAl <1

At the component level the uncertainty is caused by the v elements and corresponding 6
elements which depend nonlinearily on the input and state vector. The interconnection
matrices of the neural state space model are assumed to be exact, although there exist
uncertainty on these matrices because of the identification procedure. At the system level
this uncertainty becomes structured because the matrix A is diagonal (see also Doyle et
al.(1991)). The uncertainty is real and the dimension of A does only depend upon the
number of hidden neurons in the neural net architectures. Finally the LFT representations

(46)-(49) can be used in a standard robust stability or robust performance control scheme

(Fig.5).

Remarks:

e In the standard robust control scheme of Fig.6 with augmented plant P the exogenous
input vector w and the regulated output z, related to the 1-DOF control schemes of
Fig.5 consist respectively of the variables r, €, 1 and r — g (tracking error), u (see e.g.
Boyd and Barratt (1991)). The constant input 1, due to the bias vectors of the neural
nets, can be interpreted as an extra disturbance signal. Measurement noise in w is
characterized by the white noise innovations sequence ¢ for M. For M, 4irce both
process noise and measurement noise in w are related to ¢ because of the directly

parametrized Kalman gain in innovations form.
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o LEFT representations for simulation model predictors related to the partial parametriza-

tions (17) and (18) are a special case of (48)(49) and correspond respectively to

Ty
o [ml] _ [Anom | B b WaSa ] | u
' Gk Vi | 0 Ba 0 1 (50)
Pk
A Ph = As.q A4l <1
with 677 = W4T 34 and to
Ty
o [ml] _ [A | B e WeSs || u
' qr 0 ‘ VB BB 0 1 (51)
Pk
A Ph = Ap.q Ag] <1

with b2 = WET'e™ 3.

e Results based on the LFTs (46)(48) are only rigorous if a nominal model was defined
by setting y4p% = 0.5, yop’} = 0.5, yx} = 0.5. All other choices are heuristic because
they depend on the input vector and state vector sequence but on the other hand

may lead to less conservative results.

e The size of the intervals [’yzB;, ’y;'{B;], [’yaD;, ’ygD;], [W:*;a ’y}'{j] gives an indication of the
"hardness’ of nonlinearity of the underlying nonlinear system: a maximal ’distortion’
is obtained if these intervals coincide with (0,1] and a minimal 'distortion’ for the

47

limiting case vig; = 1, vdp; = L, 7k = 1 and 37 — 1, ap; — 1, ’712? — 1

corresponding to a linear model. The larger the size of the intervals [’yEB;,’y;'{B;],
[75D§‘772’_D§]7 [’yf(;,’y}"(;], the higher the ’distortion” will be and the more difficult it
will become to find a linear robustly stabilizing controller that can cope with the

uncertainty characterized by these intervals.
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5 Example

An example is given on nonlinear system identification using the neural state space model
with directly parametrized Kalman gain (15). The system to be identified is an intercon-
nected system, consisting of two dynamical subsystems and two static nonlinearities: a
hysteresis curve fi(.) and a hyperbolic tangent function fi(.) = tanh(.) (see Fig.7). The
linear systems L and M are both SISO of order 2 and 1 with state vectors x; and z
respectively. The interconnected system with input uy, output y; and state vector [xy; zx]

has the following form

1
Ty = Arxe + brug + l 0 ] Vg

Zk+1 = CLMZk—I-bel(CtLJ}k) (52)

yr = falemzr + dufi(chag)) + wy

with vg, wy zero mean white Gaussian noise processes. The I/O data were generated by
a random input signal, uniformly distributed in the interval [-1,1]. Process noise v;, and
measurement noise wy have both standard deviation 0.01. The system matrices for I and
M are

0.1 —-0.2 0 1
ALzll 0.3]76L:[1]70L:[0]7dL:07aM:0-7abM:cM:dM:1

The nonlinearity fi(.) is shown in Fig.8 and defined by the following table

H |22>0 [n<0 |
—c—d<u;<—c+d| fi=—c -
—c+d<z, <c+d fi=a1—d| -
c—d<z <c+d - fhi=c¢
—c—d<z;<c—d |- fi=x1+d
—c—d < fi=—c fi=—c
i <c+d fi=c fhi=c¢

which means that the right or left part of the curve is selected depending on the sign
of 5. In total 2000 data points were generated by (52) with ¢ = 1, d = 0.2 in f;. This
data set is splitted into two parts: a training set containing the first 1000 data points
(Nysiw = 1000) and a test set consisting of the following 1000 data points (N, = 1000)
which are fresh data to test the obtained models. Corresponding fitting error Vy,,, and
generalization error Vi, are defined on these sets. As predictor a neural state space

model (15) was taken with n = 3, np, = npy = 7, npe = 2. In order to minimize the
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cost function (23) a quasi-Newton method with BFGS updating of the Hessian and a
mixed quadratic and cubic line search was used (function fminu of Matlab’s optimization
toolbox) (Matlab User’s Guide (1992)). Simulation of the neural state space model and
its corresponding sensitivity model, needed to generate the gradient of the cost function,
were both written in C code, making use of Matlab’s mez facilty. The best local minimum
after taking 100 different starting points (according to a random Gaussian distribution
with standard deviation 0.5) was VN, = 6.3848 e — 04. This model had also a minimal
generalization error equal to Vi, = 1.5803¢ — 03. Model validation tests were done
according to Billings et al.(1992): residuals ¢; should be unpredictable from all linear and
nonlinear combinations of past inputs and outputs. The following conditions should hold:
bec) = Elerser] = b7, 60c(7) = Elusex] =0 (¥7), by, (7) = E(12_ —@)ex] =0 (¥7),
6,00(7) = Elut, — @)) = 0 (V7). dugen(7) = Elexerorortipr—s] = 0 (7 = 0). Here
u? = u? — u?, where u? denotes the mean of u?. In practice normalized correlations
are computed. The sampled correlation function between two sequences aj and [ is
given by qgag(T) = (ONT apBrr) /[, a2 N B2]Y2. This normalization ensures that
-1 < qgag < 1. 95% confidence bands are defined as 1.96/\/N (N is data length). These
tests are shown in Fig.9 for the training data.

The intervals [’yEB;,’yXB;], [75D§‘772’_D§]7 [’yii,’y}'{j] were calculated based on the training
data and the optimal model with as result

Vi =Ldp; =Lk =1

and

v7p = [0.0562 0.8942 0.7313 0.7659 0.8904 0.8306 0.3841]'
vop = [0.1785 0.6271 0.5012 0.6022 0.0244 0.1877 0.2284]"
v = [0.9920 0.9997]"

which indicates that the nonlinearity of the underlying system is rather 'hard’ except for
the neural net responsible for the Kalman gain: the 7]2’? elements close to 1 indicate that
the system dynamics depend linearily on the innovations input ¢, which is indeed also the
case for the true system (52). This is also seen in the plots of Fig.10: the elements of the
matrices A(Zy, ug), B(Zg, ug), C(Tg, ur), D(Zg,ur), K(e) are plotted with respect to time

for a part of the training data. The variation on the elements of K is small.
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6 Conclusions

A neural state space model framework for nonlinear system identification is proposed.
Both models for the deterministic identification case and the stochastic case with process
noise and measurement noise are treated. Prediction error algorithms are discussed where
the gradients of the cost function are generated by a Narendra’s sensitivity model. LFT
representations are given which make it possible to interpret a given neural state space
model as a nominal linear model with bounded nonlinear feedback perturbation and to use
it in a standard robust performance control scheme. Further possible research directions
are e.g.to look for parametrizations of neural state space models with a minimal number of
parameters, the development of on-line and parallel learning algorithms and to work out
real life examples on robust control, based on identification results from neural state space

models.
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List of Captions

Figure 1. Neural state space model for deterministic system identification: simulation

model parametrized by feedforward neural nets.

Figure 2. Neural state space model for the stochastic case with process noise: predictor
with directly parametrized Kalman gain in innovations form, parametrized by feedforward
neural nets.

Figure 3. A nonlinear dynamic model and its corresponding Narendra’s sensitivity model
for generating the gradient of the cost function with respect to the parameter vector 8 in

a prediction error learning algorithm (a, 3 € 0).

Figure 4. LFT representation of neural state space models for deterministic identifica-
tion (left) and the stochastic case with process noise (right). G is related to a nominal
linear system. Bounded uncertainty is pulled out in the block A, represented in feedback
form. The uncertainty at this system level is structured because of the diagonal structure

of A. The elements of A are real and of nonlinear nature.

Figure 5. Example of using neural state space models in LFT representation (of Fig.4) in

a 1-DOF control scheme, assuming the certainty equivalence principle holds.

Figure 6. Standard robust performance control scheme with augmented plant P. Re-
lated to Fig.5 the exogenous input vector w consists of r, 1 and € and the regulated output

z tor — ¢ and u. y is the sensed output and u the actuator input.

Figure 7. Nonlinear interconnected system consisting of two linear dynamic systems L
and M, respectively of order 2 and 1, and two static nonlinearities: a hysteresis curve fi(.)
and f(.) = tanh(.). The system is corrupted with process noise v and measurement noise

w.

Figure 8. Hysteresis curve fi(x1). Depending on the sign of xy the right or left part
of the curve is selected.

Figure 9. Model validation: normalized correlation tests with 95% confidence intervals

for the model with minimal fitting and generalization error, evaluated on the training set:

af 6ec(7), b/ SuelT), ¢/ by (7). df by a(T), €] buea(7).

Figure 10. Ilustration of parametric uncertainties on the elements of the matrices A(y, uy)
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(Fig.a), B(k, ug) (Fig.b), C(&k, ug) (Fig.c), D(&, ur) (Fig.d), K(e) (Fig.e), evaluated on

part of the training set. The variation on the elements of the Kalman gain is small.

27



M

k+1

<X

28



1

e m
M1

29



oY

oY

_

oa

5P

Model
Sensitivity 0D oy
Model da ’ 5B
Figure 3:
A
u
A e G
1
Figure 4:

30

<>



O

N .
o/
- 1
€
p
+ +
o/ /
- e — =
Figure 5:

31




Figure 6:

Figure 7:

32



Figure 8:

33



-0.4F i
0.6F | -0.6¢
0.8k | -0.8r
-1
1 . . . . . . K
-2 -15 -10 -5 0 10 15 20 20

0.8

0.6

0.4

0.2

10

12

14

16

18 20

Figure 9:

34

10

15

20



2F

A o

i
il
R

SRR I A BN NG TR SRRV A VBN AV R U AR AR A AN

a
’y’\"ﬂ ‘m VRV

M/u

[
vlmlyul ”, ‘ 'ﬂl»‘n Wm\ u 5\“ ul

o

”lv i “M’ qi,y g

v» uyf NI ‘,Hv,h T
N I

| i
RN AT R TR
i B b sty
N”/W i it Sy ey
|
i

Al reiba ypn AT o]
I R RS e e

| !
HH\ N‘ ! M ' i f 5 uH PN
m LR HW 'va ,,,'Hm‘ ,“n u,\ u“q }v h Hn‘ MH, ‘\,m -:
W l ! u W ,M /4“ Iy .

H i Wl g

I
50 100 150 200 250 300

k

0

I
15f
u
U
U
L
!
0.5(

c_jj

-1.5

il
i

i ”v\p [ ﬁ I N ,l ,\"n{ \" Wb (‘ T |‘
py T ks & 1 m,,' M‘ ! ‘\ w !“u\ Wiy M MN
Ny ¥ Vo

|
i

h |

I ‘u ‘ﬂ
«[

I )
! ey ; ‘ »,“
x‘!‘

i o, o i}
1 ,,u,» " 1\\
i “1\ Wy /HA” n u“‘nM {v
v‘\ \1 LIVIR \ u u;

\, / [EEVEE -

‘t\‘ | ! HII{ I

\,n I

\

I I I
50 100 150 200 250 300
k

K_ij

I I I I
50 100 150 200 250 300
k

MJ
“H
\H

J;

b_ij

al

i

it H,Hh
iy ‘Wg
iy W;
[ ‘ \

| \\
| I

0.14

0.12

0.1

0.08

0.04

0.02

-0.02

Figure 10:

35

o !
[y \lw ’ " l \., I \‘”I
i b L
! ! ﬂm \‘\,J n\ Il n‘un !
‘III:\ ﬁ\‘ll‘"l\v‘ “3 ""‘Hj‘lh"l\’\ ! i ‘uw"\ﬂ\"“v‘ ! iul
h‘”,‘ " J Pl n,‘r'\ ) ‘u‘y\ Pl"\‘ IR ""“l“‘\ ]
ml”\“v | |~“ TN \ H”H ‘ v‘"‘vr\' i """F” i
v”“"” i W“" ’u “r,“ ik «‘
HIHH, i HJ;‘H" ‘\ o \\ l‘” ‘“‘ Wity |
‘ [ i .t \’ "\\ f ‘nrl i
| | |
50 100 150 200
k
. . . .
50 100 150 200
k




