On an Alternative Parameterization of the Solutions of the Partial Realization Problem^∗

TONY VAN GESTEL^‡

Dept. of Electrical Engineering - ESAT/SISTA, K.U.Leuven, Kard. Mercierlaan 94, B-3001 Leuven, Belgium, e-mail: tony.vangestel@esat.kuleuven.ac.be

MARC VAN BAREL

Dept. of Computer Science - NALAG, K.U.Leuven, Celestijnenlaan 200 A, B-3001 Leuven, Belgium, e-mail: marc.vanbarel@cs.kuleuven.ac.be

BART DE MOOR^§

Dept. of Electrical Engineering - ESAT/SISTA, K.U.Leuven, Kard. Mercierlaan 94, B-3001 Leuven, Belgium, e-mail: bart.demoor@esat.kuleuven.ac.be

Abstract. The solutions of the partial realization problem have to satisfy a finite number of interpolation conditions at ∞. The minimal degree of an interpolating deterministic system is called the algebraic degree or McMillan degree of the partial covariance sequence and is easy to compute. The solutions of the partial stochastic realization problem have to satisfy the same interpolation conditions and have to fulfill a positive realness constraint. The minimal degree of a stochastic realization is called the positive degree. In the literature, solutions of the partial realization problem are parameterized by the Kimura-Georgiou parameterization. Solutions of the partial stochastic realization problem are then obtained by checking the positive realness constraint for the interpolating solutions of the corresponding partial realization problem. In this paper, an alternative parameterization is developed for the solutions of the partial realization problems. Both the solutions of the partial and partial stochastic realization problem are analyzed in this parameterization, while the main concerns are the minimality and the uniqueness of the solutions. Based on the structure of the parameterization, a lower bound for the positive degree is derived.

Keywords: rational covariance extension, minimal partial realization, partial stochastic realization, stochastic modeling

Mathematics Subject Classification (1991): 93E12, 41A20, 41A05

∗ This work is partially supported by: the Flemish Government: GOA-MIPS; the FWO-Vlaanderen: projects G.0292.95, G.0256.97, G.0278.97, res. comm. ICCoS; the IWT: ITA/GBO/T23, ISIS, EUREKA 1562; the Belgian Fed. Government: IUAP P4-02, IUAP P4-24, Project MD/01/24; the European Commission: TMR Network, Alapedes, SYSIDENT-KIT124.

‡ T. Van Gestel is a Research Assistant with the Fund for Scientific Research- Flanders (FWO-Vlaanderen).

§ B. De Moor is a Senior Research Associate with the Fund for Scientific Research- Flanders (FWO-Vlaanderen).

© 2000 Kluwer Academic Publishers. Printed in the Netherlands.

icra4.tex; 15/06/2000; 10:20; p.1

2 T. VAN GESTEL, M. VAN BAREL AND B. DE MOOR

1. Introduction

In signal processing, speech processing and system identification, signals can often be modeled as a stationary random sequence generated by passing white noise through a filter or system with a stable transfer function and letting the system come to a statistical steady state [5, 7, 17, 24, 25]. However, before using the filter and the corresponding spectral density e.g. in design processes, the basic inverse problem has to be solved, that is estimating a filter from given data. In practice, only a finite number of samples of the signal is available and a finite covariance sequence can be computed.

For the systems that are solutions of the partial realization problem, the first correlation coefficients are these of the given covariance sequence. This problem of matching the first correlation coefficients is solved in deterministic realization theory [10, 11, 14, 16] and corresponds to interpolation theory [1, 20, 22, 23] through the interpolation conditions at ∞. The minimal degree of an interpolating deterministic system is called the McMillan or algebraic degree. The solutions of the partial stochastic realization problem have to fulfill the interpolation conditions of the partial realization problem and the solutions have to be (stable) stochastic systems, i.e., having a spectral density positive on the unit circle. In other words, the solutions have to be positive real. The minimal degree of an interpolating stochastic system will be called the positive degree. The positive degree is bounded from below by the algebraic degree and from above by the length of the covariance sequence. The methods described in the literature propose to calculate the value of the positive degree by using a trial and error approach.

In this paper, an alternative parameterization for the partial realization problem is developed. This parameterization was derived by one of the authors for interpolation conditions at finite points in [21] and for mixed types of interpolation conditions in [22]. The solutions of the partial stochastic realization problem are then obtained by checking the positive realness constraints for each interpolating solution.

Both the partial realization problem and the partial stochastic realization problem are analyzed in this alternative parameterization. The major concern of this analysis is the “open problem” of determining the value of the positive degree without using trial and error methods, while referring to the literature for more details on different aspects of the partial stochastic realization problem. We also briefly discuss possible advantages of this parameterization compared to parameterizations described in the literature. By analyzing the structure of the parameterization, a lower bound for the positive degree is obtained.

icra4.tex; 15/06/2000; 10:20; p.2

ON SOLUTIONS OF THE PARTIAL REALIZATION PROBLEM 3

2. Preliminaries

In this Section, some theory of stochastic systems is reviewed in subsection 2.1. In the literature [2, 4, 8, 15], (deterministic) solutions of the partial realization problem are described by the Kimura-Georgiou parameterization by using Szegő polynomials of the first and second kind. In this set of solutions, the solutions of the corresponding partial stochastic interpolation problem are obtained by checking the positive real constraints for each interpolating solution. This is described in subsection 2.2. In subsection 2.3, the minimality of the solutions is discussed and the definitions of algebraic and positive degree are reviewed.

2.1. stochastic systems

Let the observed discrete time signal y_t be generated by passing normalized white noise e_t through a linear filter with stable rational transfer function w(z) = w_0 +w_1z^{−1} +w_2z^{−2} +. . ., with w_k ∈ R. The stationary (real) process {y_t}_{t∈Z} has a rational spectral density

Φ(z) = w(z)w(z^{−1}),

which is assumed to be positive on the unit circle. The stable transfer function w(z) is called a stable spectral factor of Φ(z), which is taken minimum phase, i.e., the rational function w(z) = σ(z)/a(z) has all its poles and zeros in the open unit disc and w_0 = w(∞) ≠ 0. In systemtheoretical language, the output {y_t}_{t∈Z} is the output of a shaping filter w(z) driven by a normalized white noise input e_t (Figure 1). The Fourier transform of the spectral density Φ(z) is equal to

Φ(z) = c_0 + ∞∑ i=1 c_i ( z^i + z^{−i} ) ,

where c_0, c_1, c_2, . . . is the covariance sequence defined as c_k = E{y_{t+k}y_t}, l = 0, 1, 2, . . .. The partial covariance sequences C_n = {c_0, c_1, . . . , c_n} have the property that the Toeplitz matrices

T (C_n) = c_0 c_1 c_2 · · · c_n c_1 c_0 c_1 · · · c_{n−1}

c_2 c_1 c_0 · · · . . . . . . . . ... . . c_n c_{n−1} · · · · · · c_0

icra4.tex; 15/06/2000; 10:20; p.3

4 T. VAN GESTEL, M. VAN BAREL AND B. DE MOOR PSfrag replacements

Figure 1. Shaping filter.

are positive definite^1 for 0 ≤ n. If the Toeplitz matrix is not positive definite, the partial covariance sequence is not generated by a stochastic system and there exists no solution of the stochastic realization problem. The partial stochastic realization problem can be stated as follows: Given a partial covariance sequence^2 C_N = {1, c_1, . . . , c_N }. Find an infinite rational extension {c_{N+1}, c_{N+2}, . . .} s.t. T (C_n) ≥ 0 for all n ≥ 0 or find a positive real part v(z) of Φ(z) = v(z) + v(z^{−1}), v(z) = 1 2 b(z) a(z) = 1 2 + ∞∑ k=1 c_kz^{−k},

which is rational with a(z) = z^n + a_1z^{n−1} + . . . + a_n and b(z) = z^n + b_1z^{n−1} + . . . + b_n. This means that a(z) and b(z) have to satisfy the following conditions:

1. Interpolation conditions at ∞:

Π^0_{−N} b(z) a(z) = Π^0_{−N} F (z), with F (z) = 1 2 + c_1z^{−1} + . . . + c_N z^{−N} (1)

and the projection operator Π^β_α ∑ k f_kz^k = ∑_β k=α f_kz^k. 2. Positive real conditions: if a(z) and b(z) are relatively co-prime, then the rational function v(z) is positive real iff

(i) v(z) is analytic on |z| > 1 or a(z) has all its zeros in |z| < 1.

(ii) v(z) + v(z^{−1}) > 0 on |z| = 1 or a(z)b(z^{−1}) + a(z^{−1})b(z) > 0 on |z| = 1.

Condition (i) corresponds to the stability of the modeling filter, whereas condition (ii) is equivalent to v(z) being pseudo-positive real Re(v(z)) > 0 on the unit circle [18].

The solutions of the partial deterministic realization problem only have to satisfy the interpolation conditions at ∞.

1 When T (Cn) ≥ 0 and det T (Cn) = 0, there exists a unique positive real solution. In this case, Cn is called singularly nonnegative.

2 In the sequel of this paper, we will work with normalized sequences, i.e., with c0 = 1.

icra4.tex; 15/06/2000; 10:20; p.4

ON SOLUTIONS OF THE PARTIAL REALIZATION PROBLEM 5

2.2. Kimura-Georgiou parameterization

Based on the covariance sequence C_N , the Szegő polynomials of the first and second kind can be calculated:

φ_t(z) = z^t + φ_{t1}z^{t−1} + . . . + φ_{tt}, (2) ψ_t(z) = z^t + ψ_{t1}z^{t−1} + . . . + ψ_{tt}. (3)

These polynomials are calculated via a recursion formula as explained in appendix 6.1. The Nth order polynomials satisfy the interpolation condition: 1 2 ψ_N (z) φ_N (z) = 1 2 + c_1z^{−1} + c_2z^{−2} + c_3z^{−3} + . . . + c_N z^{−N} + . . .

This realization is known as the Maximum Entropy solution [26] and corresponds to an all pole realization: w(z) = √ r_N z^N φ_N (z) . In many applica-

tions, finite spectral zeros are desired [5, 7]. Based on the Szegő polynomials, all solutions (up to order N) of the interpolation problem (1) are described in the Kimura-Georgiou parameterization [8, 15]: v(z) = 1 2 ψ_N (z) + α_1ψ_{N−1}(z) + . . . + α_N ψ_0(z) φ_N (z) + α_1φ_{N−1}(z) + . . . + α_N φ_0(z)

. (4)

However, the elements of this parameterization only satisfy the interpolation conditions (1). The set of all positive real solutions still has to be searched for in this set, i.e., for each choice of parameters {α_i}^N_{i=1}, one has to check for conditions (i) and (ii). Condition (i) can be checked by some well known stability tests (e.g. the Jury and Schur- Cohn Criterion [1]). In [2] condition (ii) was translated to conditions on the signature of a Hankel matrix. In [9] condition (ii) is checked by repeatedly applying the Schur-Cohn algorithm. In this parameterization, it is not guaranteed that a(z) and b(z) are relatively prime and an additional check is needed. This can e.g. be done by checking whether the resultant of a(z) and b(z) vanishes [12].

For the sake of completeness, we mention that an alternative parameterization can be based on the result of [3, 4]. For each choice of a Schur polynomial σ(z), there exists just one positive real realization and one a(z) with w(z) = σ(z)/a(z). All solutions (up to order N) are then obtained by parameterizing the Schur polynomials σ(z) and calculating the corresponding a(z) by solving a convex optimization problem.

icra4.tex; 15/06/2000; 10:20; p.5

6 T. VAN GESTEL, M. VAN BAREL AND B. DE MOOR

2.3. algebraic and positive degree

An important property of the solutions of the partial (deterministic) and partial stochastic realization problem is the notion of minimality. The minimal degree δ_a of all deterministic realizations is called the McMillan degree of the covariance sequence. In [4, 13] this is also called the algebraic degree. The minimal degree δ^+ of all stochastic realizations of a finite covariance sequence is called the positive degree [4, 13]. The following property relates the algebraic and positive degree:

δ_a ≤ δ^+ ≤ N. (5)

The first inequality is obvious, since the positivity constraint cannot reduce the degree of a solution of the interpolation problem. The second inequality holds since the degree of the Maximum Entropy solution is not larger than N.

3. Parameterization for the interpolation problem

In this Section, the parameterization [21, 22] of the solutions of the interpolation problem is derived for interpolation conditions all taken at ∞. In subsection 3.1, some extra notation and the (equivalent) Linearized Rational Interpolation Problem are introduced. The parameterization is described in subsection 3.2. Based on this parameterization, some properties of realization theory are derived and a lower bound for the positive degree δ^+ is obtained. This is done in subsection 3.3.

3.1. notation

The numerator n_p(z) and the denominator d_p(z) of v(z) =^{np(z)}_{dp(z)} are combined in the ordered polynomial couple p(z) = (n_p(z), d_p(z)) ≠ (0, 0). Two rational expressions or polynomial couples (n_{p1}(z), d_{p1}(z)) and (n_{p2}(z), d_{p2}(z)) are called equivalent if n_{p1}(z)d_{p2}(z) = n_{p2}(z)d_{p1}(z). The degree δ of the rational expression (n_p(z), d_p(z)) is defined as δ = max{deg n_p(z), deg d_p(z)}.

The polynomial couple p(z) = (n_p(z), d_p(z)) satisfies the first l interpolation conditions of the Proper Rational Interpolation Problem (PRIP) (1) iff: n_p(z) d_p(z) = F (z) + O_−(z^{−l}), z → ∞. (6)

The couple p(z) = (n_p(z), d_p(z)) with δ ≥ deg d_p(z) satisfies the first l interpolation conditions of the Linearized Rational Interpolation (LRIP)

icra4.tex; 15/06/2000; 10:20; p.6

ON SOLUTIONS OF THE PARTIAL REALIZATION PROBLEM 7

problem iff: n_p(z) − d_p(z)F (z) = O_−(z^{−l+δ}), z → ∞. (7) The entity δ chosen in (7) is called the potential degree of the polynomial couple p(z) = (n_p(z), d_p(z)). The extra flexibility introduced by choosing δ ≥ deg d_p(z) will be used in subsection 3.2. We call the highest potential degree coefficients of p(z) the coefficients of n_p(z) and d_p(z) with degree equal to the potential degree δ. Also note that for l > δ − deg d_p(z), deg d_p(z) = deg n_p(z) = deg p(z). If δ = deg d_p(z), then the PRIP (6) follows from the LRIP (7). Given the PRIP (6), the LRIP (7) follows with δ ≥ deg d_p(z).

The vector space of all polynomial couples with degree not greater than δ and satisfying the first l interpolation conditions (7) is denoted by S_{l,δ}. The following important relations hold between various “neighboring” vector spaces S_{l,δ}: S_{l,δ} ⊆ S_{l,δ+1} and S_{l+1,δ} ⊆ S_{l,δ}. Finally we also have S_{l,δ} ⊆ S_{l+1,δ+1} and

{p(z) ∈ S_{l+1,δ+1}| highest pot. deg. coeff. of p(z) are zero} = S_{l,δ}. (8)

The residual of the polynomial couple p(z) with potential degree δ satisfying the first l interpolation conditions at the (l + 1)th interpolation condition is denoted by R^δ_{l+1}p(z) and is given by: z^{−l}R^δ_{l+1}p(z) = Π^{−l}_{−l}(z^{−δ}n_p(z) − z^{−δ}F (z)d_p(z)). (9) For two polynomial couples u(z) ∈ S_{l−1,δu} , w(z) ∈ S_{l−1,δw} and two polynomials x(z), y(z), we have that the residual of a linear combination is equal to

R^δ_l (x(z)u(z) + y(z)w(z)) = x_hR^{δu}_l u(z) + y_hR^{δw}_l w(z), (10)

if the potential degree δ of the linear combination is equal to δ = deg x(z)+potdeg u(z) = deg y(z)+potdeg w(z), with x_h and y_h being the highest degree coefficients of the polynomials x(z) and y(z) respectively. From the above definitions it is easy to see that a polynomial couple p(z) ∈ S_{l,δ} iff the residuals R^δ_i p are equal to zero for i = 1, . . . , l and the degree of p(z) is smaller than or equal to the potential degree δ. The last notation that is needed is that of a set of polynomial couples:

given a δ ∈ N and polynomial couple p(z) with potential degree δ_p, the set of polynomial couples {p(z)}^δ is defined as follows: {p(z)}^δ = ∅, if δ < δ_p, {p(z)}^δ = {p(z), zp(z), . . . , z^{δ−δp} p(z)}, if δ ≥ δ_p.

icra4.tex; 15/06/2000; 10:20; p.7

8 T. VAN GESTEL, M. VAN BAREL AND B. DE MOOR

3.2. parameterization

In this subsection, first a parameterization for all solutions of the LRIP (7) is derived. Property 2 describes the parameterization for the corresponding PRIP (6).

THEOREM 1. There exist two polynomial couples u_l(z) = (n_{l,u}(z), d_{l,u}(z)) and w_l = (n_{l,w}(z), d_{l,w}(z)) with potential degree δ_{l,u} and δ_{l,w} respectively, such that for each δ < ∞, a basis BS_{l,δ} for the vector space S_{l,δ} is given by BS_{l,δ} = {u_l(z)}^δ ∪ {w_l(z)}^δ .

Proof. The Theorem is proven by induction. The Theorem is certainly true for l = 0. All polynomial couples p(z) = (p_n(z), p_d(z)) with potential degree δ satisfy p_n(z) − F (z)p_d(z) = O_−(z^{0+δ} ), since O_−(F (z)) = 1, O_−(p_n(z)) ≤ δ and O_−(p_d(z)) ≤ δ. Hence, a possible basis for S_{0,δ} is given by u_0(z) = (n_{0,u}(z), d_{0,u}(z)) = (1, 0) and w_0(z) = (n_{0,w}(z), d_{0,w}(z)) = (0, 1), with potential degrees δ_{0,u} = 0 and δ_{0,w} = 0 respectively.

Suppose now the Theorem to be true for a certain value of l. We assume (without loss of generality) that u_l(z) and w_l(z) are ordered such that δ_{l,u} ≤ δ_{l,w}. Since S_{l+1,δ} ∈ S_{l,δ}, a polynomial couple p(z) = (p_n(z), p_d(z)) with potential degree δ satisfies the first l + 1 interpolation conditions iff p(z) ∈ S_{l,δ} and R^δ_{l+1}p(z) = 0. Since u_l and w_l with potential degrees δ_{u,l} and δ_{w,l} respectively, are a basis for S_{l,δ}, p(z) ∈ S_{l,δ} iff p(z) = u_l(z)x(z) + w_l(z)y(z): [ n_p(z) d_p(z) ] = [ n_{l,u}(z) n_{l,w}(z) d_{l,u}(z) d_{l,w}(z) ] [ x(z) y(z) ] , (11)

with x(z) and y(z) polynomials with respectively degrees deg x(z) ≤ δ − δ_{l,u} and deg y(z) ≤ δ − δ_{l,w}. Let us rewrite x(z) = x_hz^{δ−δu,l} + x_l(z) and y(z) = y_hz^{δ−δu,l} + y_l(z), then the second condition R^δ_{l+1}p(z) = 0 becomes

R^δ_{l+1}p(z) = x_hR^δ_{l+1}u_l(z) + y_hR^δ_{l+1}w_l(z). (12)

Different situations can occur now: R^{δl,u}_{l+1}u_{l+1}(z) = 0 or R^{δl,u}_{l+1}u_{l+1}(z) ≠ 0. First, we examine the case R^{δu}_{l+1}u_l(z) = 0. This can only occur iff u_l(z) minimal potential degree δ_{l,u} = deg u_l(z), otherwise u_l(z) ∈ S_{l,δl,u−1}. This is contradictory since S_{l,δl,u−1} is empty by definition.

icra4.tex; 15/06/2000; 10:20; p.8

ON SOLUTIONS OF THE PARTIAL REALIZATION PROBLEM 9

The residual R^{δw}_{l+1}w_l(z) ≠ 0. For l > 0, the highest potential degree coefficients of u_l(z) and w_l(z) cannot be linearly independent. If R^{δw}_{l+1}w_l(z) = 0, this would imply that by taking a linear combination of u_l(z) and w_l(z), there would exists a couple q(z) ∈ S^{δl,w}_{l+1} with highest potential degree elements zero or with potential degree δ_{l,w} − 1. By use of (8), q(z) ∈ S^{δl−1,w}_l . This can only occur if w_l(z) is a multiple of u_l(z), which implies that BS_{l,δ} = {u_l(z)}^δ , which is contradictory. Hence, if R^{δu}_{l+1}u_l(z) = 0 ⇒ R^{δw}_{l+1}w_l(z) ≠ 0. It is now easy to see that all solutions in (11) satisfying (12) are described by y_h = 0. A possible choice for u_{l+1}(z) and w_{l+1}(z) is u_{l+1}(z) = u_l(z) and w_{l+1}(z) = w_l(z), with pot. degrees δ_{l+1,u} = δ_{l,u} and δ_{l+1,w} = δ_{l,w} + 1 resp.

To examine the case R^{δu}_{l+1}u_l(z) ≠ 0, we change the basis of (11): [ p_n(z) p_d(z) ] = [ n_{l,u}(z) n_{l,w}(z) d_{l,u}(z) d_{l,w}(z) ] [ −hz^{δl,w −δl,u} 1 1 0 ]

· [ 0 1 1 hz^{δl,w −δl,u} ] [ x(z) y(z) ] , = [ n_{l,w}(z) − hz^{δl,w −δl,u} n_{l,u}(z) n_{l,u}(z) d_{l,w}(z) − hz^{δl,w −δl,u} d_{l,u}(z) d_{l,u}(z) ] [ x^′(z) y^′(z) ] , (13)

with h = R^{δl,w}_{l+1} w_l(z)/R^{δl,u}_{l+1}u_l(z), deg x^′(z) ≤ δ − δ_{l,w} and deg y^′(z) ≤ δ − δ_{l,v}. In this new basis (13) for S_{l,δ}, condition (12) is satisfied for y^′_h = 0. Up to a reordering for the lowest potential degree, a possible choice for u_{l+1}(z) and w_{l+1}(z) is u_{l+1}(z) = w_l(z) − hz^{δl,w −δl,u} u_l(z) and w_{l+1}(z) = u_l(z) respectively, with δ_{l+1,u} = δ_{l,w} and δ_{l,w} = δ_{l+1,u} + 1.

The Algorithm to construct the polynomial couples u_{N+1}(z) and w_{N+1}(z) with corresponding potential degrees δ_{N+1,u} and δ_{N+1,w} is given in Algorithm 1. In the sequel of the paper, the ordering of Algorithm 1 is assumed, i.e., u_l(z) is the polynomial couple with lowest potential degree.

Algorithm 1. Construction of a basis for the Linearized Rational Interpolation Problem

Initialization [ u_0(z) w_0(z) δ_{0,u} δ_{0,u} ] = n_{0,u}(z) n_{0,w}(z) d_{0,u}(z) d_{0,w}(z) δ_{0,u} δ_{0,w} = 1 0 0 1 0 0 for l = 0, 1, . . . , N, it R^{δl,u}_{l+1}u_l = 0

icra4.tex; 15/06/2000; 10:20; p.9

10 T. VAN GESTEL, M. VAN BAREL AND B. DE MOOR

U_{l+1}(z) = [ 1 0 0 1 ]

[δ_{l+1,u} δ_{l+1,w}] = [δ_{l,u} δ_{l,w} + 1] else U^′_{l+1}(z) = [ −hz^{δl,w −δl,u} 1 1 0 ]

with h = R^{δl,w}_{l+1} /R^{δl,u}_{l+1} [ δ_{l+1,u}′ δ_{l+1,w}′ ] = [δ_{l,w} δ_{l,u} + 1] if δ_{l+1,u}′ ≤ δ_{l+1,w}′ U_{l+1}(z) = U^′_{l+1}(z) [δ_{l+1,u} δ_{l+1,w}] = [ δ_{l+1,u}′ δ_{l+1,w}′ ] else U_{l+1}(z) = U^′_{l+1}(z) [ 0 1 1 0 ]

[δ_{l+1,u} δ_{l+1,w}] = [ δ_{l+1,u}′ δ_{l+1,w}′ ] [ 0 1 1 0 ] endif endif endfor [ n_{N+1,u}(z) n_{N+1,w}(z) d_{N+1,u}(z) d_{N+1,w}(z) ] = U_0(z) · U_1(z) · · · U_{N+1}(z).

Based on the construction of u_l(z) and w_l(z) in Algorithm 1, the following important property concerning the minimality of u_l(z) = (n_{l,u}(z), d_{l,u}(z)) and w_l(z) = (n_{l,w}(z), d_{l,w}(z)) holds [22]:

PROPERTY 1. Both polynomial couples are co-prime, i.e., n_{l,u}(z) and d_{l,u}(z) have no common factors and n_{l,w}(z) and d_{l,w}(z) have no common factors.

PROPERTY 2. The parameterization of all solutions of the PRIP (6) with degree δ satisfying the first l interpolation conditions is given by

p_{x,y}(z) = x(z)u_l(z) + y(z)w_l(z), (14)

with the following restrictions on the polynomial parameters x(z) and y(z): deg x(z) ≤ δ − δ_{l,u}, (15) deg y(z) ≤ δ − δ_{l,w}, (16) deg p_{x,y}(z) = δ. (17)

The last condition (17) means that the linear combination (x(z), y(z)) may not result in a zero highest degree coefficient. Two solutions of the rational interpolation problem p_{x1,y1} and p_{x2,y2} are equivalent iff (x_1(z), y_1(z)) = k(x_2(z), y_2(z)).

icra4.tex; 15/06/2000; 10:20; p.10

ON SOLUTIONS OF THE PARTIAL REALIZATION PROBLEM 11

The proof follows from the parameterization of the LRIP (7) and the equivalence with the PRIP (6). The two rational expressions p_{x1,y1} (z) = (n_{x1,y1} (z), d_{x1 ,y1} (z)) and p_{x2,y2} (z) = (n_{x2,y2} (z), d_{x2 ,y2} (z)) are equivalent iff det [ n_{x1,y1} (z) n_{x2,y2} (z) d_{x1,y1} (z) d_{x2,y2} (z) ] = 0 ⇔ det [ x_1(z) x_2(z) y_1(z) y_2(z) ] = 0,

since det [ n_{l,u}(z) n_{l,w}(z) d_{l,u}(z) d_{l,w}(z) ] ≠ 0. From the minimality of p_{x1,y1} (z) and p_{x2,y2} (z), both x_1(z) and y_1(z) have no nontrivial common factors and neither have x_2(z) and y_2(z). Hence, (x_1(z), y_1(z)) = k(x_2(z), y_2(z)), with k a constant and not a polynomial.

3.3. properties

With respect to deterministic realization theory, the two following properties are now easy to prove.

PROPERTY 3. If the degree of u_{N+1}(z) is equal to the potential degree, then the McMillan degree or algebraic degree is this potential degree δ_a = δ_{N+1,u}. In the other case, δ_a = δ_{N+1,w}.

The question when the solution with algebraic degree δ_a is unique was solved in [19] by imposing a rank condition on a finite Hankel matrix, formed with the elements of the covariance sequence. In the above parameterization, the condition becomes:

PROPERTY 4. There exists only one solution with the algebraic degree δ_a iff δ_a = δ_{N+1,u} < δ_{N+1,w}.

The McMillan or algebraic degree of a polynomial couple satisfying the interpolation conditions of the covariance sequence C_N is given by Property 3. However this realization is not guaranteed to be positive real. Therefore, the McMillan degree δ_a is not necessarily equal to the positive degree δ^+. The following relations hold:

PROPERTY 5. Based on the properties of the interpolation conditions, the following relations can be derived with respect to the algebraic and positive degree:

(a) The algebraic degree δ_a of all solutions is given by Property 3. Iff the corresponding solution is positive real, the positive degree is equal to this algebraic degree.

icra4.tex; 15/06/2000; 10:20; p.11

12 T. VAN GESTEL, M. VAN BAREL AND B. DE MOOR

(b) If δ_a = deg u(z) and u(z) is not positive real, a lower bound for δ^+ is δ_{N+1,w}.

(c) If δ_a = deg w(z), the lower bound for δ^+ remains δ_a.

Part (a) is trivial. Part (b) follows from the parameterization for the partial realization problem given by Property 2. From inequalities (15)- (16) it follows that the minimal degree for a solution different from u(z) is δ_{N+1,w}. Hence, since u(z) is not positive real, a lower bound for δ^+ is δ_{N+1,w}. Part (c) is easily proven by similar reasoning.

Combination of parts (b) and (c) with Property 4 leads to the following interesting insight. When there exists only one solution (Property 4) for the interpolation problem, the next degree that is possible is equal to δ_{N+1,w}. Hence, when the solution with the McMillan degree is not positive real, the minimal solution of the partial stochastic realization problem should at least have degree δ_{N+1,w}. The number of free parameters is equal to δ_{N+1,w} − δ_a + 1.

Besides the lower bound for the positive degree, an advantage of the parameterization of Property 2 is that the search for the positive degree can be started from the lower bound. Especially for large covariance sequences, this has substantial benefits with respect to the Kimura-Georgiou parameterization (4). Another advantage is that for non-trivial choices of x(z) and y(z), n_{x,y}(z) and d_{x,y}(z) are relatively prime by Property 2, which has to checked in the Kimura-Georgiou parameterization. Finally we mention that this parameterization also allows for solutions with degree higher than N. An algebraic description of all solutions for the partial stochastic realization problem is given in Algorithm 2.

Algorithm 2. Algebraic description of the rational solutions of the covariance extension problem

Step 0 Check if T (C_N ) ≥ 0, iff not Stop.

Step 1 Calculate the polynomial couples u_{N+1}(z), w_{N+1}(z) with their potential degrees δ_{N+1,u}, δ_{N+1,w} (Algorithm 1). Calculate the algebraic degree δ_a based on Property 3.

Step 2 For each δ, δ_a ≤ δ, for each possible choice

of the polynomials x(z) and y(z) in (14) of Property 2: Step 2a Check if a(z) = p_d(z) is stable (e.g. Schur-Cohn Criterion). Step 2b Check if p(z) is pseudo-positive real, [2, 9].

icra4.tex; 15/06/2000; 10:20; p.12

ON SOLUTIONS OF THE PARTIAL REALIZATION PROBLEM 13

4. Examples

Example 1. Let us start with the following covariance sequence: C_2 = {1, 0.5, −0.25}, derived from the Laurent series [4, 6] of v(z) =^1_2^{z+1+ϵ}_{z+1−ϵ} , with ϵ = 0.5. For N > 3, the covariance sequences C_N are not valid, T (C_N ) ≯ 0. The solutions of Algorithm 1 are:

n_u(z) n_w(z) d_u(z) d_w(z) δ_u δ_w = z + 1.5 z + 1 2z + 1 2z 1 2 .

The parameterization of all solutions of the interpolation problem is given by (14), with the constraints (15) and (16). There is only one solution u(z) = (n_u(z), d_u(z)) with McMillan degree 1 (Properties 3, 4). The solution with degree 1 is equal to the deterministic solution u(z) and is not positive real. The lower bound for the positive degree of Property 5 is equal to 2, allowing for y(z) = k ∈ R. Since the length N = 2, this is also the exact positive degree. For instance, the Maximum Entropy solution has degree 2. This means that in terms of the Kimura- Georgiou parameterization, it is not necessary to look for solutions with lower degree. It also shows that it is not necessary to look for Schur polynomials σ(z) s.t. the degree of a(z) could become 1. An example of the solutions in terms of the coefficients of the parameter polynomials x(z) and y(z) is given in Figure 2.

By an appropriate (small) choice of ϵ > 0, N can be made arbitrarily large such that T (C_N ) > 0 and T (C_{N+1}) ≯ 0. For example, for ϵ = 0.1, C_{15} = {1, 0.1, −0.09, 0.081, −0.0729, 0.0656, −0.0590, 0.0531, −0.0478, 0.0430, −0.0387, 0.0349, −0.0314, 0.0282, −0.0254, 0.0229} with T (C_{15}) > 0, while T (C_{16}) ≯ 0. The solutions of Algorithm 1 for C_{15} are:

n_u(z) n_w(z) d_u(z) d_w(z) δ_u δ_w = 10z + 11 5z + 1 2(10z + 9) 10z 1 15 . (18)

Hence, since u(z) is not positive real, the positive degree δ^+ = 15. Also note that as an intermediate result, u_3(z) = (n_u(z), d_u(z)) and w_3(z) = (n_w(z), d_w(z)) with potential degrees δ_{3,u} = 1 and δ_{3,w} = 2 respectively, are obtained. This solution corresponds to the “deterministic” system that generated the valid partial covariance sequence. For all next interpolation points R^{δl,u}_{l+1}u_l = 0 for l = 3, 4, . . . and the potential degree δ_w is increased by one, resulting into the solution (19). For this example, the lower bound of Property 5 is strict. A positive real solution with minimal degree is e.g. the Maximum Entropy solution.

icra4.tex; 15/06/2000; 10:20; p.13

14 T. VAN GESTEL, M. VAN BAREL AND B. DE MOOR

PSfrag replacements

Figure 2. Solutions of the parameterization for Example 1 with ϵ = 0.5 satisfying the positive real conditions for some values of the coefficients of the parameter polynomials. These parameter polynomials are x(z) = z + x0 and y(z) = y0.

Example 2. Given the following covariance sequence: C_4 = {1, 0, 0, 0, 0.5}, which has known algebraic and positive degree δ_a = δ^+ = 4. The solutions of Algorithm 1 are:

n_u(z) n_w(z) d_u(z) d_w(z) δ_u δ_w = 1/2 −z^4 + 1 1 2z^4 1 4 .

Since δ_{4,u} = 1 ≠ deg u_4(z) = 0, the algebraic degree δ_a = 4 and equals the positive degree. There exists infinitely many solutions, by means of Property 4.

5. Conclusions

In this paper, an alternative parameterization [21, 22] is derived to parameterize the (deterministic) solutions of the partial realization problem. The minimal degree of an interpolating solution is called the McMillan or algebraic degree and is easily calculated. A description of all solutions of the corresponding partial stochastic realization problem is obtained by checking the positive real constraints for all deterministic solutions. This description of all solutions of the partial stochastic realization problem is compared with results in the literature. The minimal degree of an interpolating stochastic solution is called the positive degree. This degree is bounded from below by the algebraic degree and from above by the length of the covariance sequence. The positive degree was the main concern of this paper, while referring to the literature for other results on the partial stochastic realization problem. Based on the structure of the parameterization, a lower bound for the positive degree is obtained.

icra4.tex; 15/06/2000; 10:20; p.14

ON SOLUTIONS OF THE PARTIAL REALIZATION PROBLEM 15

6. Appendix

6.1. Szegő polynomials

The Szegő polynomials (2) and (3) of the first and second kind defined on C_N are calculated by the recursions: { φ_{t+1} = zφ_t(z) − γ_tφ^∗_t (z), t = 0, 1, . . . , N − 1, φ_0(z) = 1, φ^∗_{t+1} = zφ^∗_t (z) − γ_tφ_t(z), t = 0, 1, . . . , N − 1, φ^∗_0(z) = 1, (19) and{

ψ_{t+1} = zψ_t(z) + γ_tψ^∗_t (z), t = 0, 1, . . . , N − 1, ψ_0(z) = 1, ψ^∗_{t+1} = zψ^∗_t (z) + γ_tψ_t(z), t = 0, 1, . . . , N − 1, ψ^∗_0 (z) = 1, (20)

with the reversed polynomials ψ^∗_t (z) = z^tψ_t(1/z) and φ^∗_t (z) = z^tφ_t(1/z). The Schur parameters are defined by:

γ_t = 1 r_t t∑ i=0 φ_{t,t−i}c_{i+1}, t = 0, 1, 2, . . . , N − 1, (21) r_{t+1} = (1 − γ^2_t )r_t, t = 0, 1, 2, . . . , N − 1; r_0 = 1.

Acknowledgements

The authors wish to thank prof. Adhemar Bultheel for carefully reading this text. The authors wish to thank prof. Anders Lindquist for the contributing discussion at the ERNSI workshop in Vienna (1998).

References

1. Bultheel, A. and Van Barel, M.: Linear Algebra, Rational approximation and Orthogonal polynomials, Vol. 6 of Studies in Computational Mathematics. North-Holland, Elsevier Science, Amsterdam, 1997.

2. Byrnes, C.I. and Lindquist, A.: An algebraic description of the rational solutions of the covariance extension problem, in: Linear Circuits, Systems and Signal Processing: Theory and Application, Byrnes, C.I., Martin, C.F. and Saeks, R.E., eds., Elsevier Science Publishers, North-Holland, 1988, pp. 9–17.

3. Byrnes, C.I., Gusev, S.V. and Lindquist A.: A convex optimization approach to the rational covariance extension problem, SIAM J. Control Optim. 37 (1998), pp. 211–229.

4. Byrnes, C.I. and Lindquist A.: On the Partial Stochastic Realization Problem, IEEE Trans. Automatic Control 42 (1997), pp. 1049–1070.

5. Cadzow, J.A.: Spectral estimation: An overdetermined rational model equation approach, Proc. IEEE 70 (1982,) pp. 907–939.

icra4.tex; 15/06/2000; 10:20; p.15

16 T. VAN GESTEL, M. VAN BAREL AND B. DE MOOR

6. Dahlén, A., Lindquist, A. and Marí, J.: Experimental evidence showing that stochastic subspace identification methods may fail, Systems & Control Letters 34 (1998) pp. 303–312.

7. Delsarte, Ph., Genin, Y., Kamp, Y. and Van Dooren, P.: Speech modelling and the trigonometric moment problem, Philips J. Res. 37 (1982), pp. 277–292.

8. Georgiou T.T.: Realization of Power Spectra from Partial Covariance Sequences, IEEE Transactions on Acoustics, Speech and Signal Processing 35 (1987), pp. 438–449.

9. Genin, Y.V.: On Polynomials Nonnegative on the Unit Circle and Related Questions, Linear Algebra Appl. 256 (1996), pp. 317–325.

10. Gragg W.B. and Lindquist A.: On the partial realization problem, Linear Algebra Appl. 50 (1983), pp. 277–319.

11. Ho, B.L. and Kalman, R.E.: Efficient construction of linear state variable models from input/output functions, Regelungstechnik 14 (1966), pp. 545–548.

12. Lang S.: Algebra, Addison-Wesley, New York, 1970.

13. Lindquist A. and Picci G.: Canonical Correlation Analysis, Approximate Covariance Extension, and Identification of Stationary Time Series, Automatica 32 (1996), pp. 709–733.

14. Kalman, R.E.: On minimal partial realizations of a linear input/output map, in: Aspects for Network and System Theory , Kalman, R.E. and de Claris, N., eds., New York, Holt, Reinhart and Winston, 1971, pp. 385–408.

15. Kimura H.: Positive partial realization of covariance sequences, in: Modeling, Identification and Robust Control , Byrnes, C.I. and Lindquist A., eds., Elsevier Science Publishers, North Holland, 1986, pp. 499–513.

16. Kronecker, L.: Zur Teorie der Elimination einer Variabeln aus zwei algebraischen Gleichnungen, Berlin: Monatsber. König. Preuss. Akac. Wiss., 1881.

17. Makhoul, J.: Linear prediction: A tutorial review, Proc. IEEE 63 (1975), pp.

561–580.

18. Oono, Y.: Introduction to pseudo-positive-real functions, in: Proc. 1981 Int.

Symp. Circuits and Systems , Chicago 1981, pp. 469–472.

19. Tether, A.J.: Construction of minimal linear state-variable models form finite input-output data, IEEE Trans. Automatic Control 15 (1970), pp. 427–436.

20. Van Barel, M. and Bultheel, A.: An algebraic method to solve the minimal partial realization problem for matrix sequences, in: Linear Circuits, Systems and Signal Processing: Theory and Application, Byrnes, C.I., Martin, C.F. and Saeks R.E., eds., Elsevier Science Publishers, North-Holland, 1988, pp. 93–100.

21. Van Barel, M. and Bultheel, A.: A new approach to the rational interpolation problem, J. Comput. Appl. Math. 33 (1990), pp. 281–289.

22. Van Barel, M. and Bultheel, A.: A new formal approach to the rational interpolation problem, Numer. Math. 62 (1992), pp. 87–122.

23. Van Barel, M. and Bultheel, A.: A generalized minimal partial realization problem. Linear Algebra Appl. 254 (1997), pp. 527–551.

24. Van Overschee, P. and De Moor, B.: Subspace algorithms for the stochastic identification problem, Automatica 29 (1993), pp. 649–660.

25. Van Overschee, P. and De Moor, B.: Subspace Identification for Linear Systems: Theory, Implementation, Applications, Kluwer Academic Publ., Boston/London/Dordrecht, 1996.

26. Wittle, P.: On the fitting of multivariate regressions and the approximate canonical factorization of a spectral density matrix, Biometrica 50 (1963), pp. 129–134.

icra4.tex; 15/06/2000; 10:20; p.16